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Multidimensional laplace approximation via Trotter operator

Abstract. The classical distribution of Laplace, along with the normal one, became one of the most actively used symmetric
probabilistic models. A separate task of mathematics is the Laplace approximation, i.e. method of estimating the parameters of the
normal distribution in the approximation of a given probability density. In this article the problem of Laplace approximation in d-
dimensional space has been investigated. In particular, the rates of convergence in problems of the multidimensional Laplace
approximation are studied. The mathematical tool used in this article is the operator method developed by Trotter. It is very
elementary and elegant. Two theorems are proved for the evaluation of convergence rate. The convergence rates, proved in the
theorems, are expressed using two different types of results, namely: estimates of the convergence rate of the approximation are
obtained in terms of “large-O” and “small-0”. The received results in this paper are extensions and generalizations of known
results. The results obtained can be used when using the Laplace approximation in machine learning problems. The results in this
note present a new approach to the Laplace approximation problems for the d-dimensional independent random variables.
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1. Introduction . o
notation L,(m,a,X) to denote the distribution of

The Laplace distribution was introduced by P. 7 304 \yrite 7 ~ L (m,a,%). The distribution is
S. Laplace in 1774. It is also said to be the first law

of errors. The Laplace distribution appears in a dso called to be multivariate asymmetric Laplace.

number of applications in the sciences, in business SUPPose that is a geometrically distributed
and in branches of engineering. Recently, the random variablewvith parameter (O< p<1), in
Laplace approximation problem has been used in short, and indef®ndent of the

information technology, in particular, in machine 0 )
|earning []_] In  recent years, the Lap|ace sequel‘(ce{G@ ('p}l It is well known that under
approximation problems have been interested by desired conditions,

many mathematicians. However, the results only 1,

focus on 1-dimensional space. In this paper, we will p2 Z:(Xj +b, )—d>Z as p—0, (1)
solve the Laplace approximation problems on d- i=

dimension space. Laplace distribution on d- \yhere: is meaning the convergence in
dimensional space is defined as the following. d

1
Let R ={X=(%,%,...X;)| % €R,i=12,.,d} distribution. If b, :a[p2 —1}, Z~1,(04a7Y),

be a d-dimensional Euclidean space with norm
where: are mean and covariance matrix of X,

. 1
||x|| = (z XEJZ et {Xn,n 21} be a sequence of respectiely (see [2], for more details). Furthermore,
i=1

1

d-dimensional random vectors and F, be a the ifb; = pa; , then Z ~ 1,,(0,a,%), where:

distribution function of X . Let Z be a d- g= Iiml ; and L= ||m ZVar[X] (see [3],

dimensional  Laplace random  vector  with e
characteristic function for more details).
pimt In 2014, the authors of Hung and Giang used
@, (t)=—1, the Trotter-Renyi method to solve the Poisson
l-iat+=t'>t approximation problems (see [4], for more details).

The Trotter-Renyi method is a special case of the
where: ameR? and £ isa dxd symmetric Trotter method and is only used for discrete random
variables. However, to solve the Laplace
approximation problems we must use the Trotter
method. We will learn about this method in the next
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and positive definite matrix and m’,a’;t" are the
transposes of m,a,t, respectively. We use the
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This paper is organized as follows. We start in
Section 2 by reviewing of Trotter operator and their
properties. The class of continuous modulus and
Lipschitz functions is utilized in the paper. In section
3, we give main results of this paper. Conclusions of
this study are presented in the last section.

2. Materials and Methods

Definition 1. T, :C,(R") —>C,(R?) is
defined by

T f ()= [ (x+y)dFy (),

where: f e C,(R") , C,(R?) is the set of all real—
valued, bounded, uniformly continuous functions

defined onthe R® and X is a random vector.

The properties of Trotter operator can be seen
in [5], [6], [7] and [8]. Before starting the main
results of this paper we review the properties of
Trotter operator.

1. Every f eC4(R"), we have

el <ll

with || f]|=sup{|f (y):y e R*}

2. T, isalinear operator.

3. If X, X, are identically distributed,
T, f=T,f, VfeCy(R).

4. Suppose that X,, X, are independent random
vectors with distribution functions i, F, , then
Tex, F =M 0T, ) F=(T, 0T, )f, VfeCy(RY)

5. Now assuming that X, X,,..., X, are
independent random vectors with distribution
functions K, F,, ..., F, . Then, we get

TX1+X2+...+Xn f= (TX1 oTX2 O"'OTXn)f’ v ECB(Rd).

6. If X, X,,...X
independent random
each f € C,(R"), we have

and W,,\W,,.... W, are
vectors, then for

n

T_ixi f _Tiwi fll< ZlHTX f-T, fH

7. Assuming that there are sequences of
random vectors X, X,,..., X, and W, ,W,,...,.\W,
independent and independent with positive-valued
random variables N . Then for each f € C,(R"),
we get

60

T, f-T, f|<>P(N=n)|T, f-T, f|.
in ZWi =1 in ZWi
8. A sufficient condition for

X, =X as n—o>wis
HTxnf—TXfH—w, as n-— oo,

foreach f eC3(R?),s>1.
We need to recall the definition of the modulus

of continuity and Lipchitz classes.
Definition 2. If f e C;(R"),x,heR?,6 >0 ,
then function
o( ;8)=sup|f(x+h)-f(x),

Ihl<s

is called the modulus of continuity of function f .

The basic properties of this function mentioned
following:
1) It grows monotonically with respect to o ;

2) o(f;6)>0as 5§ >0";
3) w(f;28)<(1+ 1) f;6),
where: A eR.
We say that the function f eCB(Rd) satisfies

a Lipchitz condition with exponent o (0<a <1) |,
we write f € Lip(«) , if

a)( f ;5) =0(0).
any feC:(R"),6>0,
w(s; f;6)=supf{w(g9;56):9 is any
derivative of order j(0< j<s) of f}.
It is easy to see that, for any A >0 , we have

w(s; f;18) <A+ a(s; f;0).

For define

partial

Lemmal. If f eC:(R"),x,yeR", then
s (xV)

f(x+y)=2"—
o J:
1 s
Ly e - (y)]
where: 77 is such that [l — y|| <]
d
and (x.V) = xk.i .
k=1 K

Proof of this Lemma can be found in ([9],
p. 277).
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3. Results
Lemma 2. Assuming Z ~L;(0,a,%), then

d Lo
Z=p*>Z,
izl

1
where: Z, ~ L, (0; p? a;zj,u ~Geo(p) and

independent of {Z,,i >1}.
Proof. Eachte R", we get

1
¢., O=y,°0, (p*1)
pZZZi
1

p.p, (P2 1)

1
1-@A-p)e, (p*Y)
1
=———=¢,(1).
l-ia't+=t'xt
2
The proof of this lemma is completed.
Lemma 3. If f eCi(RY),x,y,7€R% seN,
then the following inequalities are held
) [(0) [ £ o= F )] < a2 [ o(s: T:6),
where: |[7—y|<é.

i)Y [F o= f ()] <207 ¥
where H f©|=sup{|g|. g is any partial derivative
of order s of f}.

iii) V&>0,36>0 such as |7—y|<&, then

() [ £ - F ()] < sd? |x["

Proof
i) On
ofw(s—1; f;0),

) [ -]

f (s)

account of the  properties

s! Kok ke
2 |<]_n<2!...kd!xlxz"'Xd [A]

Ky K kg

<o(s; f;9) <d?||x[[ o(s; f;9),

d
D%
i=1

ISSN 2617-4316 (Print)

o f(n)
OXOX5? ...OX s

o f(y)

where: A= - —.
0%, OXy? ...0X "

i) Since Hf‘s) =sup{|lg]:g is any partial
derivative of order s of f}, itis easy to get

0y [ - ()]

Z S—!Xiklxgzmxgd [A]
L

Ky Ky pes Ky kl!k2| k |
< |f® d S % S| £ (s)
< [roflxx] <a i e
i=1

o f(n)
OXOXg? ...OX

o f(y)

where: A= - —.
0%, OX5? ...0X "

iii) Since f e C3(R?), V&>0,36>0 such
as|p—y||< S, then

CUOBIY]

S! kl k2 kd
2 k1!k2!...kd!X1 e (A

Ky Ky kg
d

2%
i=1

S

S
<e[>x| <ed?|x[.

o f(m)
OXOXSE . OX s

o f(y)

where: A= - —.
OX;*OX,? ...0X "

Theorem 1. Assuming that {X,,n>1} is a

sequence of d-dimensional independent random
variables for which

()=

10y iy oo <d

=0, )

[B

Rd

S+Sy+. 48 =]

where: B =X d [ Fy ()~ F, (0]

and
Go= M d[F 0+ F, () <+e 3
Rd
where: 5>3 is a fixed
integer, 1< j<s,i=12,...,n. Then, for
any f eC(RY),
61
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ITs, £ =T, F ] T f(y)= j(piijda(x)
d%l st R ERY
<25 pIWE, . j 5)
(s-1)! [ (x9)" £ (y)dF, ()

1 v i=0 J RY
where: WE:a{s—l; f; pzlE[Z(th}’S)} j

1, j RRICARRICHICISNEY
SU = pzz Xi . . R
i=1

In addition, if f ¢ e Lip(«) , then

T, £-T, 1 ||=o{ps_12+(15{i(1+19i,5)}}.

i=1

1
where: |7, —y| < p?|x]|. On account of (2), (3),
combining (7), (8) we have

@{cm},

Furthermore, if X,  are independent and (s-1)!

identically  distributed  d-dimensional random C-= H(XV)H[ f(m) - f(y)]\de, (%),
variables, then ¥ ‘ ‘
s 3t D= [|(xV)"[f (z,) - f (y)]|dF;, ().
|TSUf_TZf:o(p 2 } RY

T, f(y)-T. f(y)‘s

n2X p2z;

On account of the properties of w(s—1; f;0)
and lemma 3, we have

(¥ [F o) - £ )]

Proof. Since f eCS*(R?) , by virtue of
lemma 1, we have

! “(sz _ s . ERE
[px+yj:z ) () <a (I +Ix] )a{s_l;f;pz]
[ 1)51 the similar arguments give us
i (V) [ ) - £ ()]
oy V)= ()] | | 1
1 <0 (B o1 o s 97|

“Nr=vl < p2|x].
where: 17— y| < p? |x|. Hence Therefore,

T, f(y)= J[p2x+ deFXi(x)

1
p2X; R

J [ W) £ (y)dFy, (%)

(
i=0 RY . ”
e o
s1 = d?o s-1f sz Fsatds
e ORI (s—D)! (e +5)
1 s-1
(pzj s-1 1
1 2 —
where: |7, —y||< p?|x|. On the other hand, the <2 (s—1)! d a)(s Lt ](1+19 )
similar arguments give us
where: FF =d [in (X)+F, (X):I )

Thus,
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s-1
FRE!

s—1)! P = WE,

WE = a)(s—l; f; p;] E{ZU‘,(1+ 12,5)}

i=1

Iy £ -T, fH<2 d

If f P e Lip(a) , then

|Ts, £ -T, | =O{pHZWE{ZU:(1+ 3 )}}
i=1
Furthermore, if X

identically  distributed
variables, then

s—3+a
I, | _Tzfu=o(p z ]

The proof of the theorem is completed.
Theorem 2. Let {X,,n>1} be a sequence of

d-dimensional independent random variables for
which

are independent and
d-dimensional  random

n

$(j)= jx% Xz X FF|=
1<iy, |2 Sj<d (6)
S5y 48 =] !
FF=d[F, (0-F, (9]
and
9. = [ I [FF| <=0,
R )
FF=d|F, () +F,(x)].
where:
s>2 is a fixed integer,1< j<s,i=12,...,n

Further, the following condition is held

S o

lim p*2_P(

v=n) Z [ X dFy 09 =0. (8)

-t
HXH>5 p?

Then, for any f € C3(R"),

ot ntf-ofie(a. )| = 90
i=1

Further, if X are independent and identically
distributed d-dimensional random variables, then

HTSUf—TZfH=o(pS_22j(p—>O).

ISSN 2617-4316 (Print)

Proof. For f e C3(R?) , in view of the lemma

1, there is
i
S 2
T, f(y)- Ij (xv) f(y)dF, (x)
p2X; i J! A

(9)

N o

g—_[

where: ||, — y| < pE ||X|| and

[ ) - T )]|dR, (0

"1 (y)dF, (X)
, (10)

s

2
< V[

| R

(V) [ 07.) = f ()] dF, (9

1

where: |17, — | < p? |[x]|. On account of (4), (5) and

lemma 3, combining (9), (10) and by an easy
computation it follows that

<DPS{&eVF +2H f©

j X dF, (%)},

IX=p? s

N
N | »

DPS =d

st
=(9+2] 1

)

Therefore,

<=DPSY PVF +2|
n=1

Dpsi PF
n=1

)Jralr

oS ipe Sla 2l

f t

where:
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;s
DPS =d— p?,
sl

n

PVF=P(v=n))(9,+2f"

i=1

)

PE=P(v=n)> [ | dF, (o)

IX=p? s
Thus,
T, f -7, |
S v

-ofve[$(a. 2] |

i=1
as p-—0.

Moreover, if X,  are independent and
identically  distributed  d-dimensional random
variables, then

s=2
HTSUf—TZfH:o(p : J(p—)O).

The proof is complete finished.

The results of this paper are extensions and
generalizations of studies published in [10], [11]
and [12].

Conclusions

Thus, the main results of the paper are
presented by theorem 1 and theorem 2. The rate of
convergence of geometric random sums to
Laplace random variable on d-dimensional space
is established. In particular, the first theorem gives
us the convergence rate type of large-O. The
convergence rate type of small-o is given in the
second theorem. The results of the research can be
useful in assessing the rate of convergence of
approximations in such information technology as
machine learning. These results will be more
interesting and valuable if we discuss a rate of
convergence of geometric random sums in the
case of dependent random variables. The authors
shall continue studying this matter in our future
research.
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BaraTroBumipHa anpokcuManis JamnJjiaca i3 3acTocyBaHHsAM onepatopa Tporrepa

Amnoranis. Knacnane posnoninenns Jlammaca nopsia 3 HopMajabHAM, CTajI0 OJHIEI0 3 HAWOIIBIIT aKTHBHO BUKOPHCTOBYBaHNX
CUMETPUYHHUX IMOBIpHICHUX Mojeneid. OKpeMOIo 3ajadero MaTeMaTuKd € ampokcuMmamis Jlammaca, TOOTO croci0 OIiHKH
rapamMeTpiB HOPMaJIBHOTO PO3MOJIICHHS MPH allpoKCHMalii 3alaHol MIIJIbHOCTI HMOBIpHOCTI. B naHiit cTarTi mociikeHo 3anaqy
anpokcumanii Jlammaca B d-BuMipHOMY mpocTopi. 30Kpema, BHBUYEHI MIBUAKOCTI 30DKHOCTI B 3afadax OaraTOBHMipHOL
anpokcumarii Jlarmaca. MarematuuHuM 3aco00M, BHKOPHCTaHHUM B [aHid CTAaTTi, € omepamidHuil MeTOA, PO3pOOIeHUI
Tporrepom. [loBeneHo OBi TeopeMH JUIsS OLIHKKA MMBHAKOCTI 30ikHOCTI. LlIBMakocTi 301KHOCTI, OBEACHI B TEOpeMax,
BHPAXKaIOTBCS 33 JOIMOMOTOIO JIBOX PI3HUX THIIIB Pe3yNbTATiB, a caMe: OTPHMaHi OIIHKM MIBUAKOCTI 301KHOCTI ampokcuManii B
Tepminax «O Benmuke» i «o Majie». OTpuMaHi pe3yJIbTaTH MOXKYTh 3aCTOCOBYBATHCS IPH BHKOPHCTaHHI anpokcumaliii Jlamraca B
3a7ayax ManlMHHOTO HaBYaHHS. Pe3ynbTaT CTaTTi MpecTaBIisioTh co00I0 HOBHH IMiAXIN 10 3amad anpokcumartii Jlammaca ms d-
MIpHHX HE3aJISKHUX BUIAJKOBUX BEIHYHH.

Kurouosi cioBa: anpoxcumanis Jlaruiaca; reoMmeTpuyHi CyMu; BUIIAKOBI CyMH; orieparop TpoTTepa; MBUAKICTh 301KHOCTI
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MHoromepHasi annpoKcUManMs Jianjaaca ¢ IpUMeHeHHeM olepaTopa
Tporrepa

Annoranus. Kiaccuueckoe pacmpenenenue Jlammaca Hapsgy ¢ HOPMasbHBIM, CTajdo OJHOM M3 Haubojee aKTHBHO
HCHOJb3YEMBIX CUMMETPUUHBIX BEPOATHOCTHBIX Mozeneld. OTaensHON 3a7ayeil MaTeMaTUKu sBiseTcs annpokcumanus Jlammaca,
T.€. COco0 OIEHKHU MapaMeTPOB HOPMAIBLHOTO pacipeeieH s PH allPOKCHMAIIMU 3aJaHHON TJIOTHOCTH BEPOSITHOCTU. B manHOit
cTaThe HCCIEAOBaHA 3amava ammnpokcumarwu Jlammaca B d-pasmMepHOM MpOCTpaHCTBe. B 4YaCTHOCTH, H3y4YEeHBI CKOPOCTH
CXOJMMOCTH B 33j1adyaX MHOTOMEpPHOW ammpokcuMmanmu Jlammaca. MaTeMaTHYeCKUM CpPEICTBOM, HCIIONB30BAHHBIM B JAHHOM
cTaThe, SBISIETCS OINEPATOPHEIN METOJ, pa3padoTaHHblil TpoTTepoM. JJoka3aHbI IBe TEOPEMBI JUIS OIICHKH CXOPOCTH CXOJIUMOCTH.
CKOpOCTH CXOJMMOCTH, JOKAa3aHHBIC B TEOPEMax, BBIPAKAIOTCS C TOMOIIBIO JBYX Pa3HBIX THUIIOB PE3YJILTATOB, 2 UMCHHO:
MOJTy4eHBI OLCHKH CKOPOCTH CXOAWMOCTH amnpoKcuManuu B TepMuHax «O Gonbmioe» u «o mainoe». [lomydeHHbIe pe3yibTaThl
MOTYT TPHMEHSITHCS TPH HCHOJNB30BaHUM amnpokcumanuu Jlammaca B 3ajavyax MammHHOrO oOy4eHus. PesynmbraThl cTaThu
MPEACTABISIIOT COOO0M HOBBIH MOJXO/ K 3a7a4aM anmnpokcumaru Jlamnaca i d-MepHBIX HE3aBUCHMBIX CIIyYallHbIX BEJTHYHH.

KiroueBbie ciioBa: annpoxcuManus Jlamiaca; reoMeTpu4ecKre CyMMBI; ClydaiHble cyMMbl; onepatop TporTepa; ckopocTh
CXOIMMOCTH

ISSN 2617-4316 (Print) 65


mailto:ltgiang@ufm.edu.vn
mailto:ltgiang@ufm.edu.vn
mailto:ltgiang@ufm.edu.vn
mailto:ltgiang@ufm.edu.vn

	UDC 519.2
	ORCID: 0000-0001-7792-2191,Ho Chi Minh City, Vietnam
	ORCID: 0000-0003-4837-3597, Can Tho City, Vietnam
	MULTIDIMENSIONAL LAPLACE APPROXIMATION VIA TROTTER OPERATOR
	It is easy to see that, for any , we have
	Lemma 1.  If, then
	Proof.  Each, we get
	i) On account of the properties of,
	ii) Since   is any partial derivative of order  of  it is easy to get
	iii) Since,   such as, then
	In addition, if, then
	If , then
	Conclusions
	References
	Received: 06.10.2018



