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ABSTRACT 

The relevance of the study is determined by the need to improve the reliability and efficiency of self-testing procedures for 
fault-tolerant multiprocessor systems. Existing approaches based on a minimal set of diagnostic connections may leave some 
processor states unresolved, requiring additional tests. The aim is to refine the structural description of ambiguity formation in 
systems whose diagnostic graph is a strongly connected directed circulant with two jumps. The objectives include deriving new 
restrictions on ?-chains and ?-subgraphs, determining conditions for the existence of such subgraphs with the minimum admissible 
number of incoming fault links, and establishing when several independent subgraphs can arise. Methods. Graph-theoretic analysis, 
modular relations for circulant parameters, structural decomposition of ambiguity regions, and analysis of admissible ?-chain 
configurations are used. The results establish a finite upper bound on ?-chain length for the considered unresolved-fault state. It is 

proved that a ?-subgraph with the minimum admissible number of incoming fault links can contain only one processor whose state 
remains unresolved. A necessary relation between circulant jumps allowing two independent ?-subgraphs of this type to coexist is 
also established. The scientific novelty lies in extending the structural theory of ambiguity formation for the considered number of 
faults and substantially narrowing the set of configurations requiring further analysis. The practical value of the results consists in 
their applicability in refining self-testing algorithms, excluding impossible ambiguity configurations, and reducing additional 
diagnostic checks required to resolve uncertain processor states. 
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INTRODUCTION 

Multiprocessor computer systems are widely 

used in modern control systems, including those 
responsible for controlling critical facilities [1], [2], 

[3], [4], [5], [6]. Failures of such systems may result 

in substantial losses, including loss of human life, 
and are therefore clearly unacceptable. 

Consequently, reliable and efficient self-testing and 

timely fault detection in control systems [7], [8], [9], 
[10] particularly in aerospace applications [11], [12], 

[13], [14], [15], [16] remain an important and 

relevant problem. 

Given the strict reliability requirements, any 
improvement in the efficiency of self-testing 

procedures for fault-tolerant multiprocessor systems 

(FTMS) must, first and foremost, ensure full  
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functional equivalence, that is, an equal or better 
outcome (complete determination of the states of all 
of the system’s processors). Therefore, avoiding 
ambiguities – processors whose states remain 
unresolved even after the testing procedure has been 
completed – is a feature of critical importance for 
any proposed FTMS testing method. 

Methods have already been proposed for 
improving the efficiency of FTMS testing, particularly 
through the use of a minimum number of 
interprocessor connections [17]. However, since 
reducing the number of connections available for 
testing inevitably leads to ambiguities in certain system 
topologies and fault arrangements, resolving these 
ambiguities requires additional connections and, 
consequently, adjusting the design of systems for more 
connections than would be necessary under ideal 
conditions. This significantly limits the practical 
potential for improving the efficiency of FTMS testing. 

This is an open access article under the CC BY license (https://creativecommons.org/licenses/by/4.0/deed.uk) 
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Determining the conditions under which 

ambiguities may arise depending on the system 

topology and parameters (henceforth 
“configuration”) would make it possible to avoid, 

already at the design stage, certain configurations 

that permit a relatively large number of ambiguities. 
This would improve testing efficiency and bring it 

closer to the ideal case. The investigation of such 

conditions is therefore a promising direction within 
the broader problem of FTMS self-testing. 

LITERATURE REVIEW AND PROBLEM 

STATEMENT 

General conditions for the FTMS diagnosability 
have already been established [18]. The Preparata–

Metze–Chien model (PMC model) is widely 

recognized and serves as the theoretical foundation 
for numerous methods of FTMS testing [19], [20], 

[21]. The PMC model represents an FTMS in the 

form of a diagnostic graph and therefore makes it 

possible to apply graph-theoretic tools and methods 
to the investigation of self-testing problems. The 

model also establishes the fundamental constraints 

of the problem. In particular, the admissible number 
of faulty processors (T) in a given FTMS is 

restricted by the condition 𝑛 ≥ 2𝑇 + 1, where n 

denotes the total number of processors in the system, 
or, equivalently, the order of its diagnostic graph. 

In many cases, the parameter T plays a central 

role in the formulation and solution of the testing 

problem. An FTMS is generally designed with a 
particular expected level of fault tolerance or 

structural redundancy in mind, which makes it 

possible to determine the admissible number of 
processor faults in a relatively straightforward and 

transparent manner [22], [23], [24], [25]. 

A promising direction in the study of FTMS 

self-testing is associated with the application of 
circulant graphs as FTMS diagnostic graphs, and 

employment of their structural and algebraic 

properties [26]. In particular, an FTMS testing 
method relying on the minimum possible number of 

interprocessor connections has been proposed using 

precisely this approach [17]. It has been noted that 
the application of this method may result in 

ambiguities, which must subsequently be resolved 

locally through the use of additional connections. It 

was shown that, nevertheless, there exist system 
configurations in which the number of possible 

ambiguities is fundamentally bounded, regardless of 

the particular arrangement of the faulty processors 
and test results. For example, in certain topologies 

no more than one ambiguity may arise when 𝑇 = 3, 

while no more than two ambiguities may arise when 

𝑇 = 4. 

Topologies that allow a larger number of 

ambiguities, potentially reaching 𝑇 − 1, have been 

demonstrated in [27].  

Sufficient conditions for the occurrence of such 

cases have also been established: 3𝑆1 ≡ 3𝑆2 mod 𝑛 

for 𝑇 = 4, and 2𝑆1 ≡ 2𝑆2 mod 𝑛 for 𝑇 = 3, where 

S1 and S2 denote the jumps of the circulant 

diagnostic graph. 
The fundamental conditions governing the 

occurrence of ambiguities and the formation of the 

associated substructures, referred to as ?-subgraphs 
and ?-chains, were investigated in [28]. The 

principal concepts and results of that study, which 

form the basis for the present work, are summarized 

below. 
The following notation was introduced. The 

state of a processor is denoted as 0 if the processor is 

functional, as 1 if it is faulty, and as ? if its state 
remains unresolved (ambiguous). Accordingly, the 

term 0-processor denotes a processor in state 0, 

whereas a 1-connection denotes a connection 
outgoing from a processor in state 1. A connection 

associated with a particular test result, as opposed to 

a connection outgoing from a processor in a 

particular state, may be denoted as a “connection 
‘1’,” and similar notation may be used for other test 

results. The quantities n1, n0, and n? denote the 

numbers of processors in the corresponding states. 
The parameter T* denotes the number of admissible 

faults at a particular stage of the diagnostic 

procedure. The quantity wi denotes the weight of 
processor i; a detailed explanation of the role played 

by processor weights in the testing procedure is 

provided in [17] and [28]. 

The concept of a “?-subgraph” was also 
introduced. A ?-subgraph is defined as the maximal 

connected subgraph of the FTMS diagnostic graph 

that contains a particular ?-vertex and consists 
exclusively of ?-vertices. The number of incoming 

arcs of a ?-subgraph – that is, arcs entering the 

vertices of the ?-subgraph from vertices that do not 

belong to it – is denoted by du. Such incoming arcs 
are always 1-connections. 

The concept of a “?-chain” was introduced in a 

similar manner. A ?-chain is the maximal chain 
formed by arcs corresponding to a particular jump, 

containing a given ?-vertex and consisting 

exclusively of ?-vertices. 
The following theorems were formulated and 

proved (the numbering is given in the order in which 

the theorems are cited below and does not 

correspond to their original numbering in [28]): 
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Theorem 1. The occurrence of ?-processors is 

impossible in an FTMS with one 1-processor or less. 

Theorem 2. The occurrence of a ?-subgraph 

with 𝑑𝑢 ≤ 1 is impossible. 

Theorem 3. The occurrence of 𝑛? > 𝑛1 is 

impossible when 𝑛1 = 𝑇 − 1. 
Theorem 4. The occurrence of a ?-subgraph 

with two incoming 1-connections originating from 

the same single 1-processor is impossible. 

Considering the results obtained in the previous 
studies, it follows directly that ambiguities cannot 

occur when 𝑇 ≤ 2, as established by Theorem 1. 

When 𝑇 = 3, the number of ambiguities n? is 

bounded by the 𝑛? ≤ 2 condition. Indeed, Theorem 

1 requires the presence of at least two 1-processors 

for any ?-processors to occur, whereas Theorem 3 

establishes that the number of ?-processors cannot 
exceed the number of 1-processors. 

For the 𝑇 = 4 case, these results imply that the 

behavior of the system is already known for most 
possible values of n1: 

 𝑛1 ≤ 1 → 𝑛? = 0 (Theorem 1). 

 𝑛1 = 4 = 𝑇 → 𝑛? = 0 (since, when all 1-

processors have been identified, the state of the 
entire system is fully determined). 

 𝑛1 = 3 = 𝑇 − 1 → 𝑛? ≤ 3 (Theorem 3). 

Therefore, the following general relation may 
be written: 

𝑇 = 4, 𝑛1 ≠ 2 → 𝑛? ≤ 3. 

To summarize, the previous studies established 

the foundations for the structural analysis of 
ambiguities that may arise in constructively regular 

diagnostic graphs of FTMS. They introduced the 

principal theoretical concepts and proved a number 
of propositions restricting the conditions under 

which such ambiguities and their associated 

substructures may occur. 

Nevertheless, the case 𝑇 = 4 has not yet been 
described completely. In particular, it has not been 

established whether the number of ambiguities may 

be equal to or greater than T, either in this specific 
case or in the general case, depending on the 

particular parameters and structural characteristics of 

an FTMS. 
Thus, the objective of this study is to continue 

the investigation of the case 𝑇 = 4, specifically the 

configurations characterized by 𝑇 = 4 and 𝑛1 = 2, 

and specifically the 𝑑𝑢 = 2 ?-subgraphs within 
those configurations. The obtained results are 

intended to bring the description of this case closer 

to completion and to expand the theoretical and 
practical tools available for addressing ambiguities 

in the design of FTMSs and their self-testing 

procedures. The case 𝑇 = 4 is of particular practical 

importance, since real-world applications commonly 

impose the requirement 𝑇 ≤ 4, whereas larger 
values of T are rarely used in practice. 

Simultaneously, the cases characterized by 𝑇 < 4 

have already been investigated in considerable detail 
in previous studies. 

It should be noted that this line of research does 

not propose an alternative method for evaluating 

FTMS diagnosability, but instead investigates the 
structural conditions under which unresolved 

processor states may arise within the considered 

self-testing method. 

METHODS AND LIMITATIONS 

Let us first establish the basic conditions and 

assumptions of the problem under consideration. 

The present study considers only fault-tolerant 
multiprocessor systems whose diagnostic graph 

𝐺(𝑛, 𝑆1, 𝑆2) is a strongly connected directed 

circulant of order n with jumps S1 and S2, that is, 

gcd(𝑛, 𝑆1 , 𝑆2) = 1. Furthermore, under the 

conditions of the PMC model [18], the admissible 

number of faults T is constrained by the requirement 

𝑛 ≥ 2𝑇 + 1. Such a graph may contain neither 
multiple arcs, reciprocal arcs, nor self-loops. 

To simplify the analysis, processors, 

corresponding to the vertices of the diagnostic 

graph, will be denoted by their indices (0, 1, … , 𝑛 −
1) whenever necessary. Since the diagnostic graph is 

a circulant, vertex 0 may be selected arbitrarily 

without loss of generality. Accordingly, the 

predecessors of processor i have the indices 𝑖 − 𝑆1 

and 𝑖 − 𝑆2, whereas its successors have the indices 

𝑖 + 𝑆1 and 𝑖 + 𝑆2. All operations on processor 
indices are performed modulo n. 

The testing method with the minimum number 

of connections [17] relies on the sequential analysis 

of the weight of each processor, together with the 
test results assigned to the arcs of the diagnostic 

graph. The principal provisions of this method may 

be summarized as follows: 

 If the diagnostic graph contains an arc 𝑣𝑖𝑗 =

1, then the set of processors {𝑖, 𝑗} contains at least 

one 1-processor; in other words, at least one of these 
two processors is faulty. This makes it possible to 

exclude both processors, considered as the pair (𝑖, 𝑗), 

from further analysis at a particular stage of the 
testing procedure while decreasing T* by one. For 

brevity, such a pair of processors will henceforth be 

referred to as a “1-pair.” 
 The state of a processor i whose weight 

satisfies the condition 𝑤𝑖 > 𝑇∗ is determined to be 0, 

meaning that the processor is functional. 
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 If the state of processor j has already been 

determined, while the test result associated with the 

incoming arc from its predecessor i does not 
correspond to this known state, the state of processor 

i is determined to be 1, meaning that the processor is 

faulty. 
In the figures, the following notation will be 

used whenever it is necessary to illustrate a 

particular configuration or diagnostic case: 
 The actual state of a processor, which is not 

available to the testing procedure, is represented by 

color: green denotes a functional processor, whereas 

red denotes a faulty processor. 
 The index (or another unique identifier of a 

processor) is shown in the center of the 

corresponding vertex. 
 The processor state determined by the 

testing procedure, namely 0, 1, or ?, is indicated next 

to the corresponding vertex. 

 The test result associated with a particular 
connection (arc), either 0 or 1, is shown directly on 

that connection. 

 The jump by which a particular connection 
is formed is indicated next to the connection. 

The principal methodology used for the 

structural analysis of ambiguities consists in first 
determining the restrictions specific to the case 

under investigation and then constructing all 

possible configurations of ?-subgraphs by exhaustive 

combinatorial enumeration under these initial 
restrictions. The enumeration is considered complete 

when all permitted configurations have been 

generated. 
For each structurally distinct configuration, the 

mathematical conditions required for its existence 

are derived, with particular attention being paid to 
the relationships among the predecessors and 

successors of its processors. These conditions are 

subsequently reduced to a minimal or otherwise 

simplified form and compared both with one another 
and with the fundamental assumptions of the 

problem. 

Any contradiction identified during this 
comparison indicates that the corresponding 

configuration is impossible under the established 

conditions. Conversely, if no contradiction is found, 

the resulting simplified condition constitutes a useful 
and unambiguous result describing the 

circumstances under which the considered 

configuration may exist. 

RESEARCH RESULTS 

For the 𝑇 = 4, 𝑛1 = 2 case, the system contains 

four available 1-connections, since each 1-processor 

provides two such connections. In addition, because 

two distinct 1-processors are present, the occurrence 

of so-called xx-processors becomes possible. These 
are ?-processors both of whose incoming 

connections are 1-connections [17]. 

Throughout the analysis, the concepts of ?-
subgraphs and ?-chains will be used. As is known 

from [28], each ?-processor belongs to two ?-chains, 

c(S1) and c(S2). For the sake of brevity and improved 
clarity, the ?-chain c(S1) will be denoted as L (and its 

processors as L0, L1, and so forth), whereas c(S2) will 

be denoted as R. It is also known that the 

predecessor of the first processor of a ?-chain must 
always be either a 1-processor or the last processor 

of the same chain; in the latter case, the ?-chain is a 

cycle. 
Let us now formulate a theorem that will be 

important for the subsequent analysis and that 

restricts the possible length of ?-chains. 

Theorem 5. The length l(c) of a ?-chain c is 

bounded as 1 ≤ 𝑙(𝑐) ≤ 4 for 𝑇∗ = 2. 

Proof. The lower bound 𝑙(𝑐) = 1 is obvious. It 

is illustrated by the case of a ?-subgraph consisting 
of a single vertex (Fig. 1), which may arise in any 

FTMS configuration satisfying the imposed 

conditions: 

𝐿: [𝑋0] → 𝐿0 

𝑅: [𝑋1] → 𝑅0 

𝐿0 = 𝑅0. 

 
Fig. 1. A single-vertex ?-subgraph 

Source: compiled by the authors 

The upper bound can be estimated by analyzing 

the possible weights of processors belonging to a ?-

chain. The condition 𝑇∗ = 2 means that the state of 

any processor i with weight 𝑤𝑖 > 𝑇∗, that is, 𝑤𝑖 ≥ 3, 
will be determined as functional (0).  

The value 𝑤𝑖 = 3 is obtained in the case of two 

consecutive connections with test result “0”: 

[𝑋
1
→] 𝐿0

1

0
→ 𝐿1

2

0
→ 𝐿2

3
, 

where the test results are indicated above the 
connections and the processor weights are indicated 

below them. In the example shown, the state of L2 is 
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determined as functional, and the ?-chain of length 2 

includes only the processors L0 and L1. 

Consequently, a ?-chain with 𝑙 > 2 can arise only in 
the presence of connections with test result “1”, 

which interrupt longer sequences of “0” arcs and 

therefore prevent the occurrence of 𝑤𝑖 ≥ 3. 
However, the occurrence of even a single 

connection with test result “1” makes it possible to 

exclude from consideration the 1-pair of processors 

connected by that arc, thereby decreasing T* by 1. In 

such a case, the states of processors with 𝑤 ≥ 2 will 

be determined, except for the special case in which, 

after excluding the 1-pair, no connections with test 
result “0” remain in the ?-chain at all. Therefore, a ?-

chain of the greatest possible length must either 

consist exclusively of arcs with test result “1”, or 

have such a structure that no “0” connections remain 
after the exclusion of any 1-pair from consideration. 

It is not difficult to see that the greatest possible 

length for which a ?-chain c satisfies these 

requirements is 𝑙(𝑐) = 4.  

Let us list all possible variants of such a ?-

chain: 

1. [𝑋
1
→] 𝐿0

1

1
→ 𝐿1

1

1
→ 𝐿2

1

1
→ 𝐿3

1
 

2. [𝑋
1
→] 𝐿0

1

1
→ 𝐿1

1

0
→ 𝐿2

2

1
→ 𝐿3

1
 

3. [𝑋
1
→] 𝐿0

1

0
→ 𝐿1

2

1
→ 𝐿2

1

0
→ 𝐿3

2
. 

Neither of the listed variants makes it possible 

to determine the state of any processor, since 

excluding any 1-pair leaves no processor with 𝑤 ≥
2. Each of these variants requires the use of both as-
yet-undetected 1-processors, and it is impossible to 

add one more 0-processor to any of them: regardless 

of the position chosen for the additional 0-processor, 
either an additional connection with test result “0” 

will be formed, and therefore some processor will 

retain weight 𝑤 ≥ 2 after the exclusion of a certain 

1-pair, or it will become possible to exclude two 1-
pairs simultaneously, reducing T* to zero and 

therefore determining the states of all processors 

with 𝑤 ≥ 1, that is, all processors not excluded from 
consideration. 

Therefore, 𝑙(𝑐) ≤ 4. 

It is known that the formation of ?-subgraphs 

with 𝑑𝑢 ≤ 1 is impossible (Theorem 2). Therefore, 

for 𝑇 = 4 and 𝑛1 = 2, only the cases 2 ≤ 𝑑𝑢 ≤ 4 

must be considered. 

Theorem 6. A ?-subgraph with 𝑑𝑢 = 2 can 

exist for 𝑇∗ = 2 only if it contains a single ?-
processor. 

Proof. The existence of a ?-subgraph with 𝑑𝑢 =
2 is possible only if each of the two 1-processors 

provides exactly one incoming connection 
(Theorem 4). 

Let the 1-processors be denoted as X0 and X1. 

The existence of a ?-subgraph with 𝑑𝑢 = 2 then 
requires the formation of two ?-chains, L and R, 

together with the corresponding sets of processors 

belonging to them, described as follows: 

𝐿0 ≡ 𝑋0 + 𝑆1 mod 𝑛 

𝑅0 ≡ 𝑋1 + 𝑆2 mod 𝑛 

𝐿 = 𝑅, {𝑋0, 𝑋1} ∩ 𝐿 = ∅. 

I.e., the sets L and R are equal: both ?-chains 
contain the same set of processors, although these 

processors occur in a different order in each chain. 

Together, the two ?-chains form the corresponding 

?-subgraph. The ?-subgraph cannot contain any 
additional ?-chains, since this would require 

conditions analogous to those arising in the case 

𝑑𝑢 ≤ 1, which has already been shown to be 
impossible [28]. Consequently, each of the two 

chains must indeed contain all processors belonging 

to the ?-subgraph. 

According to Theorem 5, 1 ≤ 𝑙(𝐿, 𝑅) ≤ 4. 
The case of a ?-subgraph whose ?-chains have 

length 𝑙 = 1 was demonstrated in the same theorem. 

Such a ?-subgraph can indeed exist. 

The 𝑙 = 2 case is impossible, since there are 

only two possible orderings of two processors within 

a ?-chain. Assuming that such chains L and R exist 

results in the formation of a reciprocal connection, 
which is not admissible: 

𝐿: [𝑋0 →]𝐿0 →  𝐿1 

𝑅: [𝑋1 →]𝐿1 →  𝐿0. 

The 𝑙 = 3 case permits six possible processor 

orderings. Let L: L0, L1, L2. Then none of the five 

remaining possible orderings can be used to form the 

chain R (Table 1). 

Therefore, only the case 𝑙 = 4 remains to be 

considered. 

Table 1. Impossibility of forming the ?-chain R 

for each possible processor ordering 

R Reason for impossibility 

L0, L2, L1 Reciprocal arc L1–L2 

L1, L0, L2 Reciprocal arc L0–L1 

L1, L2, L0 Multiple arc L1–L2 

L2, L0, L1 Multiple arc L0–L1 

L2, L1, L0 Reciprocal arcs L0–L1, L1–L2 

Source: compiled by the authors 

By similarly excluding all 𝑙 = 4 processor 

orderings that would require the occurrence of 
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multiple or reciprocal arcs, the following admissible 

?-chains are obtained: 

𝐿: [𝑋0 →]𝐿0 → 𝐿1 → 𝐿2 → 𝐿3 

𝑅1: [𝑋1 →]𝐿1 → 𝐿3 → 𝐿0 → 𝐿2 

𝑅2: [𝑋1 →]𝐿2 → 𝐿0 → 𝐿3 → 𝐿1. 

Let us analyze the restrictions imposed on the 
diagnostic graph by these ?-chains. For the R1 case, 

we obtain: 

𝑅 = 𝑅1: [𝑋1 →]𝐿1 → 𝐿3 → 𝐿0 → 𝐿2 

𝐿0 ≡ 𝑋0 + 𝑆1 ≡ 𝑋1 + 3𝑆2 ⇒ 𝑋0 ≡ 𝑋1 + 3𝑆2 − 𝑆1 

𝐿1 ≡ 𝑋0 + 2𝑆1 ≡ 𝑋1 + 𝑆2 ⇒ 𝑋1 ≡ 𝑋0 + 2𝑆1 − 𝑆2 

𝐿2 ≡ 𝑋0 + 3𝑆1 ≡ 𝑋1 + 4𝑆2 ⇒ 𝑋0 ≡ 𝑋1 + 4𝑆2 − 3𝑆1 

𝑋1 + 3𝑆2 − 𝑆1 ≡ 𝑋1 + 4𝑆2 − 3𝑆1 ⇒ 𝑆2 ≡ 2𝑆1 

𝑋0 ≡ 𝑋0 + 2𝑆1 − 𝑆2 + 3𝑆2 − 𝑆1 ⇒ 𝑆1 ≡ −2𝑆2 

𝑆1 ≡ −2 ⋅ 2𝑆1 ≡ −4𝑆1 

5𝑆1 ≡ 0 mod 𝑛. 

For the R2 case, we obtain: 

𝑅 = 𝑅2: [𝑋1 →]𝐿2 → 𝐿0 → 𝐿3 → 𝐿1 

𝐿0 ≡ 𝑋0 + 𝑆1 ≡ 𝑋1 + 2𝑆2 ⇒ 𝑋0 ≡ 𝑋1 + 2𝑆2 − 𝑆1 

𝐿1 ≡ 𝑋0 + 2𝑆1 ≡ 𝑋1 + 4𝑆2 ⇒ 𝑋1 ≡ 𝑋0 + 2𝑆1 − 4𝑆2 

𝐿2 ≡ 𝑋0 + 3𝑆1 ≡ 𝑋1 + 𝑆2 ⇒ 𝑋0 ≡ 𝑋1 + 𝑆2 − 3𝑆1 

𝑋1 + 2𝑆2 − 𝑆1 ≡ 𝑋1 + 𝑆2 − 3𝑆1 ⇒ 𝑆2 ≡ −2𝑆1 

𝑋0 ≡ 𝑋0 + 2𝑆1 − 4𝑆2 + 2𝑆2 − 𝑆1 ⇒ 𝑆1 ≡ 2𝑆2 

𝑆1 ≡ −2 ⋅ 2𝑆1 ≡ −4𝑆1 

5𝑆1 ≡ 0 mod 𝑛. 

Thus, to permit the formation of either of the 

possible chains R, the diagnostic graph of the FTMS 

must satisfy the following condition: 

5𝑆1 ≡ 0 mod 𝑛 ⇒ 5𝑆1 = 𝑘𝑛, 𝑘 ∈ ℤ 

𝑆1 = 𝑘
𝑛

5
,   𝑘,

𝑛

5
∈ ℤ. 

However, this condition implies that: 

𝑆2 = ±2𝑆1 = ±2𝑘
𝑛

5
 

gcd(𝑛, 𝑆1 , 𝑆2) =  
𝑛

5
. 

This contradicts one of the fundamental 

assumptions of the problem, since for 

gcd(𝑛, 𝑆1 , 𝑆2) ≠ 1 the diagnostic graph is not 

connected. 

An example of such a graph is presented in  
Fig. 2. As can be seen, the graph is disconnected and 

consists of two connected components of order 5 

each. One of these components remains entirely 

ambiguous, since it violates the diagnosability 

condition 𝑛 ≥ 2𝑇 + 1. 

Thus, it has been proved that, for 𝑇∗ = 2, a ?-

subgraph with 𝑑𝑢 = 2 can exist only if it contains a 
single ?-processor. 

Theorem 7. For 𝑛1 = 2 and 𝑇∗ = 2, an FTMS 

may contain two ?-subgraphs with 𝑑𝑢 = 2 only if 

𝑆1 ≡ 𝑆2 mod
𝑛

2
 (or, equivalently, 𝑆2 = 𝑆1 +

𝑛

2
). 

Proof. It is already known that a single 

subgraph with 𝑑𝑢 = 2 may exist (Theorem 6), and 
that such a subgraph contains only one ?-processor. 

Since, in an FTMS with 𝑛1 = 2, four 1-connections 

are available, it is possible to consider the existence 

of two such ?-subgraphs and, accordingly, total 𝑛? =
2. 

Let the 1-processors be denoted as X0 and X1. 

Then, for the existence of two ?-subgraphs with 𝑙 =
 1, it is necessary that both 1-processors be 

predecessors of both ?-processors, but via different 

jumps.  

That is, 

𝑋0 + 𝑆1 ≡ 𝑋1 + 𝑆2 , 𝑋0 + 𝑆2 ≡ 𝑋1 + 𝑆1 

𝑋0 ≡ 𝑋1 + 𝑆2 − 𝑆1 , 𝑋1 ≡ 𝑋0 + 𝑆2 − 𝑆1 

𝑋0 ≡ (𝑋0 + 𝑆2 − 𝑆1) + 𝑆2 − 𝑆1 ⇒ 2𝑆2 ≡ 2𝑆1 . 

Fig. 2. Example of the diagnostic graph G(10, 2, 4) satisfying the condition 𝑺𝟏 = 𝒌
𝒏

𝟓
 

Source: compiled by the authors 
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2𝑆1 − 2𝑆2 ≡ 0 mod 𝑛 ⇒ 2𝑆1 − 2𝑆2 = 𝑘𝑛, 𝑘 ∈ ℤ 

𝑆1 ≡ 𝑆2 mod
𝑛

2
,

𝑛

2
∈ ℤ. 

The difference of two even numbers is always 

even; therefore, kn must also be even for this 

equality to hold. The use of 𝑆1,2 ≥ 𝑛 is meaningless 

for the problem considered, therefore |𝑆1 − 𝑆2| < 𝑛, 
|2𝑆1 − 2𝑆2| < 2𝑛, which implies |𝑘| = 1. Thus, we 

see that two ?-subgraphs with 𝑙 = 1 can indeed 

exist. For this, it is necessary that n be even and that 

𝑆1 ≡ 𝑆2 mod
𝑛

2
, which may be simplified to 𝑆2 =

𝑆1 +
𝑛

2
. 

An example of such a graph is shown in Fig. 3. 

It can be seen that two ?-subgraphs are formed, each 

containing a single ?-processor: {4} and {9}. 

 
Fig. 3. Example of the diagnostic graph  

G(10, 1, 6) satisfying the condition 𝑺𝟐 = 𝑺𝟏 +
𝒏

𝟐
 

Source: compiled by the authors 

It is interesting to note that, in this same case, if 
the outgoing connections of the ?-processors have 

test result “1”, a single ?-subgraph with 𝑛? = 4, 

𝑑𝑢 = 4 is formed (see Fig. 4). One may therefore 

hypothesize that the condition 𝑆2 = 𝑆1 +
𝑛

2
 is also a 

sufficient condition for the existence of at least one 
arrangement of processors and test results, within 

admissible configurations, with 𝑛? = 4. However, 

this assumption requires additional investigation and 
analysis. 

Of further interest is the fact that the same 

condition (denoted as 2𝑆1 ≡ 2𝑆2 mod 𝑛, which is 

equivalent) has been shown to allow two ambiguities 

in 𝑇 = 3 systems, per [27]. 

 

 
Fig. 4. Example of the diagnostic graph  

G(10, 1, 6) exhibiting one 𝒅𝒖 = 𝟒 ?-subgraph with 

four ambiguities 
Source: compiled by the authors 

DISCUSSION OF RESULTS 

The obtained results provide a more detailed 

description of the structure of ambiguities arising in 

the 𝑇 = 4, 𝑛1 = 2 case. Previous studies established 

general restrictions on the number of ambiguous 

processors, identified the basic conditions governing 

the existence of ?-subgraphs and ?-chains, and 
demonstrated configurations in which the number of 

ambiguities may approach the maximum admissible 

value [27], [28]. In contrast to those results, the 
present study focuses not only on the overall number 

of ambiguous processors, but also on the internal 

structure of an individual ambiguity region and on 
the relationship between that structure and the 

parameters of the diagnostic graph. 

The established upper bound on the length of a 

?-chain shows that, for 𝑇∗ = 2, an ambiguity region 
cannot propagate indefinitely along either of the 

jumps of the circulant. This restriction results from 

the interaction of two mechanisms employed by the 
testing procedure: the accumulation of processor 

weights within sequences of connections having test 

result “0”, and the reduction of T* following the 

exclusion of a 1-pair. When the length of a chain 
exceeds four, at least one of these mechanisms leads 

to the determination of the states of some processors 

and, consequently, to the interruption of the ?-chain. 
Thus, the obtained restriction is not merely 

combinatorial in nature, but also directly reflects the 

operational logic of the self-testing method under 
consideration. 
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The result concerning a ?-subgraph with 𝑑𝑢 =
2 further strengthens this restriction. The minimum 

admissible number of incoming 1-connections 
cannot sustain a connected ambiguity region 

containing several ?-processors: such a ?-subgraph 

necessarily degenerates into a single vertex.  
Attempts to construct a multi-vertex subgraph 

of this type result either in the formation of multiple 

or bidirectional arcs, which are prohibited by the 

assumptions of the problem, or in relations among n, 
S1, and S2 that are incompatible with the strong 

connectivity of the circulant.  

The graph presented in Fig. 2 illustrates the 
latter case: the configuration required for the 

existence of a multi-vertex ?-subgraph causes the 

diagnostic graph to decompose into separate 
connected components. Consequently, the strong-

connectivity requirement serves not only as an initial 

constraint of the model, but also as one of the factors 

that localize the possible ambiguity regions. 
At the same time, the local nature of an 

individual ?-subgraph with 𝑑𝑢 = 2 does not exclude 

the simultaneous occurrence of several independent 

ambiguity regions. The established condition 𝑆2 =

𝑆1 +
𝑛

2
 shows that the occurrence of two such 

subgraphs is associated with a particular symmetry 

of the circulant: the two jumps differ by half the 

order of the graph, and the corresponding pairs of 

vertices therefore occupy mutually opposite 
positions.  

The example 𝐺(10,1,6) presented in Fig. 3 

confirms that a configuration containing two isolated 
?-processors is attainable. From a practical 

perspective, this means that the relationship between 

the jumps may be used as a criterion for the 
preliminary analysis of a diagnostic topology. 

Avoiding the relation 𝑆2 = 𝑆1 +
𝑛

2
 excludes the 

considered mechanism by which two ?-subgraphs 

with 𝑑𝑢 = 2 may arise simultaneously. 

Nevertheless, the examples presented above 

demonstrate that the topology parameters do not 
definitively determine the number of ambiguities. In 

a graph with the same values of n, S1, and S2, a 

change in the test results assigned to the outgoing 
connections of the ?-processors may cause separate 

ambiguity regions to merge and may lead to the 

occurrence of four ambiguous-state processors, as 

demonstrated in Fig. 4. Therefore, the relation 𝑆2 =

𝑆1 +
𝑛

2
 should be regarded as a structural prerequisite 

for the occurrence of the corresponding 

configurations, but not as a sufficient description of 

the behavior of the testing procedure for all possible 

arrangements of processors and test outcomes. The 

hypothesis that this condition is sufficient for the 

existence of at least one such arrangement exhibiting 

𝑛? = 4 requires a separate proof. 
Separately, this same condition was shown [27] 

to allow two ambiguities in 𝑇 = 3 systems, 

suggesting potential unique features of these 
configurations in particular. 

The practical significance of the obtained 

results lies primarily in the possibility of reducing 

the set of configurations and arrangements that must 
be examined during the design of a diagnostic 

topology or during the final stages of the self-testing 

procedure. Once a ?-subgraph with two incoming 1-
connections has been identified, there is no need to 

treat it as a potentially branched ambiguity region, 

since under the adopted assumptions it may contain 
only one processor. Similarly, checking the 

relationship between the jumps makes it possible to 

determine in advance whether two such regions can 

exist simultaneously. However, the quantitative 
reduction in the number of additional tests or in the 

computational complexity of the diagnostic 

procedure was not evaluated in the present study. 
Therefore, the corresponding practical benefit is 

theoretically substantiated but has not yet been 

measured experimentally. 

It can, however, be demonstrated that exclusion 
of system configurations according to the obtained 

conditions constrains the scope of potential 

ambiguity cases. Consider an 𝑛 = 10, 𝑇 = 4 system. 

There are (9
2
) = 36 possible distinct unordered pairs 

of nonzero jumps for this system, of which 20 define 

admissible two-jump circulants (strongly connected, 

no reciprocal arcs). Among these 20 admissible 

configurations, only four satisfy 𝑆1 ≡ 𝑆2 mod
𝑛

2
. 

These can be enumerated explicitly: (1, 6); (2, 7); (3, 
8); (4, 9). Thus, only 4 of the 20 admissible 

configurations satisfy the necessary condition for the 

occurrence of two distinct ?-subgraphs with 𝑑𝑢 = 2; 

the remaining 16 cannot manifest this case. 

Furthermore, since 
𝑛

2
 is an essential part of the 

condition, this case cannot occur for odd n. 
The limitations of the obtained results are 

determined by the assumptions adopted in the study. 

Only strongly connected directed circulants with two 
jumps within the framework of the PMC model were 

considered, while the detailed analysis was 

performed specifically for 𝑇 = 4, 𝑛1 = 2 (and thus 

𝑇∗ = 2), and 𝑑𝑢 = 2. The established theorems 
cannot be directly extended to circulants with a 

larger number of jumps, irregular diagnostic graphs, 

or alternative testing models. 
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Within the chosen model and established 

restrictions, however, the individual results differ in 

their potential for generalization. The specific upper 

bound on ?-chain length established in Theorem 5 

follows directly from the value of  𝑇∗ (the number of 

faults that remain admissible at the considered stage 

of the diagnostic procedure) and operational logic of 

the considered testing procedure and therefore 

remains applicable for arbitrary n, T and admissible 

choice of two jumps, provided that 𝑇∗ = 2 faults 

remain undiscovered. Theorem 6 builds upon 

Theorem 5 and shares its restrictions and potential 

for generalization. The jump relation obtained in 

Theorem 7 is only proved here under the additional 

condition of 𝑛1 = 2, which, together with 𝑇∗ = 2, 

corresponds to the considered case 𝑇 = 4, making 

the obtained result local to this case. It should be 

noted, however, that the occurrence of the same 

relation in the previously investigated case [27] 

suggests that it may represent a more general 

structural property of two-jump circulant diagnostic 

graphs. Establishing the range of fault parameters 

for which this relation remains applicable requires 

separate investigation. 

Furthermore, the 𝑑𝑢 = 3 and 𝑑𝑢 = 4 scenarios 

remain outside of the scope of the analysis. 

Investigation of these scenarios is necessary to 

complete the structural description of the 𝑇 = 4 

case, establish corresponding bounds on the number 

of ambiguous processors for this case, and to 

determine whether the identified jump symmetry is a 

specific property of the 𝑑𝑢 = 2 scenario or a 

manifestation of a more general structural regularity. 

The investigation of the 𝑇 =  4 case in 

particular is of considerable practical importance in 

the context of real-world applications, where 𝑇 ≤ 4 

is commonly observed. Consequently, a complete 

description of the 𝑇 =  4 case, considered together 

with the results of previous studies addressing 𝑇 <
4, would substantially expand the practical 

possibilities for bounding the number of ambiguities 

that may arise in fault-tolerant multiprocessor 

systems. 

 

CONCLUSIONS 

The study investigated the conditions under 

which ambiguities arise during the self-testing of 
fault-tolerant multiprocessor systems whose 

diagnostic graphs are represented by strongly 

connected directed circulants with two jumps. Based 
on the previously introduced concepts of ?-

subgraphs and ?-chains, an analysis was performed 

for individual scenarios with 𝑑𝑢 = 2 within the 𝑇 =
4 case that had not been examined in earlier studies. 
As a result, the set of configurations that remain 

unexplored for this case has been substantially 

reduced. 

It was proved that, for 𝑇∗ = 2, the length of a ?-

chain is bounded by four vertices. It was also 

established that a ?-subgraph with two incoming 1-

connections may contain only a single processor 
whose state remains ambiguous. Furthermore, the 

condition under which two independent ?-subgraphs 

of this type may exist was determined, namely the 
following relationship between the jumps of the 

circulant: 𝑆2 = 𝑆1 +
𝑛

2
 

The obtained results provide a more precise 

description of the structure of possible ambiguities 

arising during the self-testing procedure and reduce 
the set of configurations in which the occurrence of 

a particular number of ambiguities is fundamentally 

possible. The theoretical significance of the results 
lies in bringing the structural description of the case 

𝑇 = 4 closer to completion. The practical 

significance of the study lies in the possibility of 

using the established regularities to further improve 
FTMS diagnostic methods and reduce the number of 

additional tests required within such methods to 

resolve the remaining ambiguities. 
Promising directions for further research 

include verifying the hypothesis that the condition 

𝑆2 = 𝑆1 +
𝑛

2
 permits occurrence of four ambiguities, 

which has not been proved in the present study; 

analyzing the scenarios 𝑑𝑢 = 3 and 𝑑𝑢 = 4, which 

would complete the structural description of the 𝑇 =
4 case, and extending the obtained results to cases 

involving other admissible numbers of faults. 
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АНОТАЦІЯ 

Актуальність дослідження зумовлена необхідністю підвищення надійності та ефективності процедур самотестування 
відмовостійких багатопроцесорних систем. Існуючі підходи, що базуються на мінімальній множині діагностичних зв’язків, 
можуть залишати стани деяких процесорів невизначеними, що потребує виконання додаткових перевірок. Метою роботи є 

уточнення структурного опису формування невизначеностей у системах, діагностичний граф яких є сильно зв’язним 
орієнтованим циркулянтом із двома стрибками. Завдання включають визначення раніше невідомих обмежень на структуру 
?-ланцюжків та ?-підграфів, визначення умов існування таких підграфів із мінімально допустимою кількістю вхідних 
зв’язків відмови, а також встановлення умов, за яких у системі можуть виникати декілька незалежних підграфів. Методи. 
Використано методи теорії графів, аналіз співвідношень параметрів циркулянтів за модулем, структурну декомпозицію 
областей невизначеності та повний перебір допустимих конфігурацій ?-ланцюжків. Результати встановлюють скінченну 
верхню межу довжини ?-ланцюжка для розглянутого стану залишкових невизначеностей. Доведено, що ?-підграф з 
мінімально допустимою кількістю вхідних зв’язків відмови може містити лише один процесор у невизначеному стані. 

Також встановлено необхідне співвідношення між стрибками циркулянта, за якого можливе одночасне існування двох 
незалежних ?-підграфів такого типу. Наукова новизна полягає в розширенні структурної теорії виникнення 
невизначеностей для розглянутої кількості несправностей і суттєвому звуженні множини конфігурацій, що потребують 
подальшого аналізу. Практична цінність результатів полягає в можливості їх застосування для вдосконалення алгоритмів 
самотестування, виключення неможливих конфігурацій невизначеності та скорочення кількості додаткових діагностичних 
перевірок, необхідних для визначення станів процесорів. 

Ключові слова: відмовостійка багатопроцесорна система; самотестування; діагностичний граф; орієнтований 
циркулянт; невизначений стан процесора 
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