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ABSTRACT

Relevance. Nonlinear least squares rereads every sample at every iteration, which suits neither streams nor distributed archives.
Recursive filters need preset noise covariance’s; distributed frameworks merge the statistics of linear models only. Aim and
objectives. The aim is to develop a recursive and an additive form of least squares in expansion coefficients, the equal-areas criterion
and least squares on Legendre coefficients, for nonlinear estimation on streams and archives. The objectives are to establish when the
fit from an additive image of the data coincides with batch least squares, to build on it a window filter compared with the extended
Kalman filter, to equip the filter for gross anomalies, missing samples and parameter changes, and to apply the additive form to large
archives. Methods used. The data projection on a block or Legendre basis, its Gram matrix and the sample sums form an additive
image, to which the model is fitted by whitened least squares. The filter is a damped information-form update with a noise level from
the window, residual clipping and an innovation test on every sample. Results. The fit from the image coincides with batch least
squares when the model’s sensitivities lie in the span of the basis, and merged images reproduce it to rounding error. Under white
noise the window filter is level with or ahead of a static Kalman filter on most plants and behind it on a sinusoid, keeps as many runs
as a well-gated Kalman filter under gross anomalies and flags parameter jumps promptly, mostly by testing every sample. Public
archives were reduced once and refitted from the images on a single-board computer, a nonlinear decay time included. Conclusions.
One additive statistic serves streams, archives and small devices. The filter is comparable in accuracy to a well-tuned Kalman filter
and costs more per step, but needs no noise covariance’s, resists gross errors without a gate and tests for a change on every sample.
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INTRODUCTION as MapReduce [7] reward computations that reduce
to sums over parts of the data. Linear least squares is
one, because its normal equations are sums [8];
nonlinear least squares is not, because every
iteration needs every sample again. The common
way out, a generic approximator in place of the
structured model [9], gives up the physical
parameters the model was written for.

The authors’ earlier work estimates the
parameters of nonlinear models by least squares in
expansion coefficients: the equal-areas criterion
matches the areas under the data and under the
model over sub-intervals of the record [10], the
subdomain method with a piecewise-constant basis,
and least squares on Legendre coefficients matches
their coefficients on Legendre polynomials [11]; the
model structure was chosen in the same framework
[12]. Those works used the criteria as batch
estimators that reread the record on every iteration.
Computed from the samples, the criteria need from
the data only sums, which over a sliding window can
serve as the measurement of a recursive filter and
over the parts of an archive can be computed where
they are stored and then added. This paper develops

Monitoring, navigation and control systems
describe what they measure with models nonlinear
in a few physical parameters: a decay rate, a natural
frequency, a time constant, seasonal amplitude.
Nonlinear least squares [1] fits such a model by
evaluating it and its derivatives at every sample on
every iteration, so the whole record must reside in
the memory of one machine, which neither of the
two settings now dominating practice allows.

The first setting is the stream: a controller or a
sensor node updates its estimate on every sample
within a fixed time and memory. The established
answer is the Kalman filter [2] and, for a nonlinear
model, the extended Kalman filter used as a
parameter estimator [3], [4]; its accuracy depends on
a process noise, a measurement noise and an initial
covariance chosen in advance [5], a single gross
error moves its state directly, and change detection is
a separate mechanism built on top of it [6].

The second setting is the archive: station
networks and telemetry stores hold tens of gigabytes
split over files and machines, and frameworks such

© Pysarchuk O., Tuhanskykh O, 2026 these two forms of the criteria and confirms them
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LITERATURE REVIEW AND PROBLEM
STATEMENT

Recursive  estimation of  parameters
Appending the parameters to the state of an
extended Kalman filter is the standard recursive
estimator of a nonlinear model [4]; Lung showed
that it may converge to a biased value or diverge
depending on the noise covariance’s [3], and
identifying them from the innovations has been a
research line since Mehra [5]. Recent work infers
them by variational inference [13], re-estimates them
after an innovation test [14], derives them from a
smoother [15] or adds a robust update to Sage-Husa
estimation [16]; each such estimator has settings of
its own [17]. Moving horizon estimation [18] re-
solves an optimization over a window on every step,
in its robust form with bounded errors under poor
excitation [19], at the price of an iterative solver in
the loop. None of these estimators carries a statistic
that can be merged across machines.

Gross errors and changes. Robust statistics
replaces the square of a residual with a function that
grows more slowly [20]; in a recursive filter the
usual counterpart is a gate on an improbably large
innovation [21]. Recent robust filters use a
correntropy kernel [22], [23] or M-estimation
weights [24], and a chi-square test of the innovation
rejects outliers and re-estimates the measurement
noise [25]. Change detection rests on the cumulative
sum test of Page [26] and its descendants [6], with
the delay of an alarm against the rate of false alarms
as the governing trade-off [27], set by how often and
on what statistic the test is run. All these filters judge
a measurement against a prediction made before it
arrived, so an estimate moved by an error misjudges
the samples that follow.

Projection on a basis. Least squares on the
coefficients of orthogonal polynomials goes back to
Forsythe [28]; with test functions equal to the basis
functions it is a Galerkin condition. Weak-form
methods [29], [30] project a differential equation on
test functions to avoid differentiating noisy data, and
the criteria named above project the record itself. In
all of them the projection serves one batch fit; its
additivity over parts of the data and its use as a
recursive measurement are not exploited.

Additive statistics at scale. Chu et al. showed
that learning algorithms in a summation form map
onto MapReduce directly [8], and mergeable
synopses [31] are summaries combined without the
raw data; both cover linear models and counting
statistics. Randomised iterative solvers reduce the
memory movement of large linear least squares
problems but are hard to stop [32]. Sums

accumulated in reduced precision, which a small
device imposes, lose accuracy unless the summation
is compensated [33].

The unsolved part of the problem follows:
least squares in expansion coefficients works only in
a batch, the recursive estimators rest on noise
covariance’s and carry nothing that could be
merged, and the distributed frameworks merge the
statistics of linear models only. Missing is a form of
the nonlinear criterion updated on every sample at a
bounded cost and memory, robust to gross errors and
reporting a change of the parameters without preset
noise covariance’s, and accumulated over the parts
of a distributed record without loss of accuracy. The
problem is thus to find a form of least squares in
expansion coefficients whose data statistic is
additive, and to establish under which conditions, at
what cost and with what accuracy it serves recursive
and distributed estimation.

RESEARCH AIM AND OBJECTIVES

The aim of the work is to develop a recursive
and an additive form of least squares in expansion
coefficients, the equal-areas criterion and least
squares on Legendre coefficients, so that the
parameters of a nonlinear model are estimated on a
data stream at a bounded cost and memory per
sample and over a distributed archive without
rereading its samples.

The objectives are:

1) to write the criteria through an additive
image of the data on a basis and to establish the
conditions under which the fit from the image
coincides with batch nonlinear least squares;

2) to build on the image of a sliding window a
recursive filter with a bounded cost and memory per
step whose noise level is estimated from the data,
and to compare it with the extended Kalman filter;

3) to equip the filter for gross anomalies,
missing samples and a change of the parameters, and
to confirm each element;

4) to apply the additive form to the distributed
processing of large archives and to confirm its
exactness, memory and throughput on synthetic
records, on two public archives and on a single-
board computer.

MATERIALS AND METHODS

The method follows the order of the objectives
(Fig. 1), and the experimental setting closes the
section.

The fit from an additive image of the data

Let a record be samples of a model with an
additive error,
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Vi=ft;0)+¢g, i=1..,n (1)

where 6 is a vector of m parameters. The earlier
works compared the record with the model through
its coefficients on basis functions ¢, ..., @y, Stated
as integrals over the span T of the record,

G =[o;®y®dt, j=0,..k (2)

With the indicator functions of k + 1 equal sub-
intervals, a block basis, the c; are areas under the
record, and equating them to the areas under the
model is the equal-areas criterion, the subdomain
method of weighted residuals; with Legendre
polynomials mapped to T, the least squares distance
between the coefficients of the record and of the
model is least squares on Legendre coefficients. The
batch form computed the coefficients of the record
by a quadrature over the samples and those of the
model separately, which leaves a quadrature error in
the criterion and needs a complete record.

No integral is needed if the coefficients are
replaced by sums over the samples. The projection
of the record on the basis and the Gram matrix of the
basis on the sampling grid are

S = (I)Ty, G = (pT(p, ¢U = (p](tl), (3)

and together with the number of samples n, the sum
of squares y”y and a descriptor of the grid they form
the image of the record, (S'G' vy Ty grid). S is the
discrete counterpart of (2), and G records how the
basis functions overlap on the actual grid. Every part
of the image is a sum over samples, so for any split
of the record into parts ¢ that share the basis and its
span

The image of a record is the sum of the images
of its parts, in any order and on any machine. The
model is compared with the image through the same
sums:

0 = argmin eTe,
6
e(0) =LY (S —@Tf(t;0)), G=LLT. (5)

Three notions are kept apart. The projection is
S . The image is an additive statistic holding
everything criterion (5) and its residual variance
need, whatever the model. It is a sufficient statistic
in the statistical sense only for a model linear in its
parameters whose repressors lie in the span of the
basis, under Gaussian noise; for a nonlinear model it
is sufficient for (5) and not for the likelihood of the
samples.

Because @7 f is evaluated on the grid of the
record, both sides of (5) carry the same discretisation
and no quadrature error enters. What (5) leaves out
follows from the projector IT = @G~ 1T on the
span of the basis: with r = y — f(t; 8) criterion (5)
equals |[ITr||? , whereas batch least squares
minimises ||7||? = |[Ir]|? + ||(I — M)r||?, and with
J=0f/06 the two gradients differ by 2((I —
I)Tr. If the columns of J lie in the span of the
basis over the region the iteration searches, then
(I —1I1)] = 0, the discarded term does not depend
on 8 and the minima coincide exactly, as for a
model linear in its parameters whose regressors the
basis contains. For a sinusoid or an exponential a
linearisation at the batch estimate 6, , where
JTr, = 0, gives the shiftd — 6, ~ —(HTH)™*((I —
INTr, with H=L"1®T], which falls with the
share of the Jacobian outside the span as the order

S=%cSe, G=2XcGe. (4)  grows; the experiments measure that share and the
difference of the estimates in standard errors.
sample sliding window window image innovation e, damped update
(fxs ¥i) of W samples Sy, G Jacobian H of ), P
window re-arm P,
length clear window
residual lag-one chi-square test of the window
autocorrelation innovation on every sample
running image
! of the whole stream
L
chunk, shard or station merge fit from 0 and its

images (S, G;), i=1..m S, 2G;

the image

|

covariance |

Fig. 1. The recursive form of the criteria, a filter on the image of a sliding window, and the

additive form, the reduction of an archive, both built on the image of the data
Source: compiled by the authors
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The measured values enter the Gauss-Newton
iteration only through S and yTy. The model and its
Jacobian are still evaluated at every grid position on
every iteration, of the order of nm(k + 1) opera-
tions as on the samples; a uniform grid is stored as
its ends and count, an irregular one as its positions.
The image saves the pass over the measured values
and their storage, not the pass over the grid.

The covariance of the estimate is s2(HTH)™%,
with s? = rss/(n — m), the residual sum of squares
being recovered from the image as rss = yTy —
STB+dT"G™1d with f =G 1S and d = S — ®Tf,
exactly when the model lies in the span. G is
nonsingular when the grid keeps the basis functions
linearly independent, and HT H when the projected
model identifies its parameters; neither is assumed.
G is inverted through its pseudo-inverse and HTH
through the singular value decomposition of H, a
singular value below the largest one times the larger
dimension of H times the machine precision counts
as zero, and a parameter along such a direction is
reported as not identified, with an infinite variance.
In this form the block basis gives the equal-areas
criterion and the Legendre basis least squares on
Legendre coefficients, one estimator with two bases.

The window filter on the image of a sliding
window

A recursive estimator has to update on every
sample at a cost and memory independent of the
length of the stream. Its measurement is the image of
the last W samples on the window’s own span, S,,
and G,, = L,,LT,; the state is 8 with the matrix P,
and comparing the measurement with the image of
the model on the window gives the whitened
innovation e, = L,;}(S,, — ®Lf(t,;0)) and the
whitened Jacobian H,,. One step is an information-
form update

P* = (P~' + HyH, /s*)7",
0t =60 +yP*Hle,/s?, P=P*+Q. (6)

Successive windows share no span, so (4) does
not apply between them: S,, and G,, are recomputed
from the buffer, and additivity serves where the span
is fixed, in an archive and in a running image of a
stream whose span is set in advance.

Two decisions in (6) replace settings that a
Kalman filter asks for. A linearised step on a
nonlinear model may overshoot, so y starts at one
and is halved until the whitened misfit ele,, does
not rise; at most nine lengths, down to 1/256, are
tried, and when none lowers the misfit the step is

rejected with 6 and P unchanged. The variance s? is
an exponentially weighted average, with weight
0.05, of the mean square of the window residuals,
without a correction for the degrees of freedom.
What remains to be chosen is Q: close to zero the
filter treats the parameters as constants, larger it
tracks them.

Neighbouring windows share all but one
sample, so adding HY H,,/s? to P~ on every step
counts each sample up to W times: (6) is a damped
Gauss-Newton step with a gain state P, not the
Kalman update of a calibrated covariance. The
covariance of the estimate comes from a separate fit
of the current window by (5), which counts every
sample once; with clipping on, it is that of the least
squares fit to the clipped window, with s2 from the
same window. The experiments check both against
the actual errors.

The cost of a step is fixed by W, k and m:
imaging the window takes of the order of
W(k + 1)? operations and its Cholesky factor
(k + 1)3, the model is evaluated on the window at
most ten times and its Jacobian once, and the update
inverts a matrix of order m; the state is the buffer, 6
and P. The operations of a step are thus bounded
independently of the length of the stream; its time is
not guaranteed.

Gross anomalies, missing samples and a
change of the parameters

Gross errors. Before the window is imaged,
residuals of the current fit beyond 3 x 1.4826
median absolute deviations are clipped to that
bound, Huber’s estimator [20] applied to the
window, so a residual is judged against the fit of the
samples around it and not against a prediction made
before they arrived. The clipping is recomputed on
every step.

Missing samples need no element of their own:
a window is imaged on the time stamps it received,
S0 a gap is a thinner window and not a missed
update.

A change of the parameters asks for a shorter
memory and for an alarm. The lag-one
autocorrelation of the window residuals is averaged
exponentially with weight 0.1, and while it stays
above 0.35, a sign that the model no longer describes
the window, the window shrinks by one sample per
step and otherwise grows back to W. The alarm tests
the innovation with the statistic

v=cele,/s?—b"P*h, b=HLle,/s? (7)
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Table 1. Test plants

Plant Model True Starting Samples, | Windo | Tracking
parameters guess span w Q
Damped oscillator Ae~%@tsin(wy/1—¢2t) | 2:0;25;012 | 2.0;20,01 | 700,12s 60 10731
Sinusoid with offset ¢ + Asinwt 0.5;2.0;25 | 0.5;15;20 700,125 60 10731
First-order rise K(1—et/7) 3.0;1.2 1.0;1.0 600, 6 s 50 10721
Accelerating trajectory Co + C1t + cyt? 1.0;2.0; 0.5 0;0;0 600, 6 s 40 1072

Source: compiled by the authors

By the matrix inversion lemma (7) equals
el (s®I + H,PHT) 1e,,, the innovation normalised
by its predicted covariance, and it follows a chi-
square distribution with k 4+ 1 degrees of freedom
when the model is linear in 6 over the error of the
estimate, the noise is white and Gaussian with the
variance s?, and the error of the prior estimate is
Gaussian with the covariance P and independent of
the noise in the window. The filter meets the last two
conditions only approximately: s2 is estimated from
the window, P is a gain state, the prior estimate rests
on samples that overlap the window, and clipping
truncates the residuals. The chi-square quantile is
therefore a reference level and not the false-alarm
rate, and the distribution of v without a change is
measured on long records. A flag is raised when v
exceeds the quantile of level 1 — a, @ = 10™*, after
a warm-up of three windows and with a cool-down
of one, the test running on every sample; the filter is
then re-armed by inflating P four times, by also
collapsing the window to its minimum, or by
clearing the window. The baseline is the detector
such filters have carried so far [26], [6], consulted
once per window after three windows of warm-up: a
jump test of the innovation energy at level 1073 and
a two-sided cumulative sum of the window-mean
innovation with a slack of 0.5 and a threshold of 5
standard deviations, both against baselines averaged
with weight 0.15.

Distributed processing of large archives

For an archive the map step images each chunk,
file or station on the common span and the reduce
step adds the images by (4); the fit (5) runs once, on
the merged image, and what is stored for a series is
its image. Accumulation is in double precision;
where single precision is imposed, the sum across
chunks is compensated by Kahan’s algorithm [33].
A running image reduces a stream the same way, in
memory that does not depend on the length of the
stream.

A series is imaged on a Legendre basis of order
max(16,[8T] + 16) for a span of T years, capped at
n—2and at n/4. Its fit from the stored image is
accepted when the parameters agree with the raw fit

to a relative 1078, A miss is put down to the image,
reported apart and not counted as agreement, when
the relative truncation error of the model’s
sensitivities at the image order exceeds 0.02
(undersampled) or when the miss stays within the
least squares perturbation bound kZ(c + exg) (ill-
conditioned), with ky and k. the condition numbers
of the model’s design and of G, ¢ the truncation
error and e the machine precision; any other miss is
a failure.

Experimental setting

Accuracy is measured on four synthetic plants
(Table 1) with 32 noise seeds; for a given seed every
estimator receives the same noise realization, so the
comparisons are paired. The noise is white Gaussian,
five percent of the standard deviation of the clean
signal unless stated otherwise, with a first-order
autoregression of coefficient 0.5 or 0.8 for correlated
noise; anomalies are spikes of eight signal standard
deviations on a given share of samples, and dropout
removes a given share. The score is the mean
relative error of the final estimate, in percent,

5 = 100 " 186 ®)
Tom ;|
j=1

reported as the mean, standard deviation and median
over the seeds; two estimators are compared by the
ratio of their mean scores with a 95 % bootstrap
interval over 10 000 resample’s of the seed pairs.

The window filter runs with a Legendre basis of
order five or as many blocks as parameters, matched
to constant parameters (Q = 10781, fixed window)
or tracking (Q from Table 1, adaptive window).
Every constant other than the window and the
tracking Q is common: P = 10/ at the start, the
weights and thresholds given above, nine step
lengths and clipping at three scaled median absolute
deviations. The filter thus asks for no noise
covariance, while the window, the basis and the
process noise remain settings. A whole record is
fitted from its image at Legendre order 24.

The window follows from the mode. With
constant parameters it is as long as the record
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allows: over windows of 20 to 180 samples a fixed
window of 180, the row of Table 2, is within 9 % of
the best on every plant, while the windows of Table
1 cost up to 1.75 times the best, so the static rows of
Table 2 below understate the filter. With moving
parameters the window is chosen from the settling
time allowed after a change: on the amplitude jump
at its middle phase every run is flagged, on average
within 0.3 s at any window, but the estimate settles
in 0.80, 3.17 and 6.09 s at Q = 10~21 with windows
of 30, 60 and 120, and a process noise raised from
107*1 to 10721 shortens it by at most 1.29 s at a
cost in accuracy on constant parameters.

The baseline is an extended Kalman filter with
the parameters as its state over a grid of twelve
settings: an initial covariance p, of 5 or 0.1, a
measurement variance r of 0.5 or the true one, and a
process noise g of 10™%, 107° or 10~8; the tracking
setting (po = 5,7 = 0.5, ¢ = 10™*) and the static
one (g = 1078) are the references. Under anomalies
it also runs from p, = 0.1 in the static setting with a
gate at three predicted standard deviations [21], with
a re-acquisition that lifts the gate for one sample
with an inflated covariance after ten consecutive
rejections, and with a Huber weight of the
innovation with the knee at 1.345, each with r = 0.5
or the true variance. The floor is batch nonlinear
least squares [1] by SciPy’s curve fit, with
tolerances of 1.49 - 1078 on the step and the cost,
none on the gradient and at most 20 000 evaluations,
against 1078 on all three for the fit from the image;
a refit of a sliding window by the same solver is the
naive alternative to a recursive filter.

Change detection uses a sinusoid whose
amplitude jumps from 2.0 to 3.5 at twelve phases of
a window for each of eight seeds, and false alarms
are counted over the distinct samples screened
before the jump. The baseline detector and test (7)
each run once per window, at their own thresholds,
and on every sample, where both are set to the same
false-alarm rate on records without a change. False
alarms per unit time come from records without a
change: eight of 10 000 samples for the sinusoid
with and without offset, the trajectory and a straight
line, and 64 of the plant’s length for the damped
oscillator and the rise.

The reduction is measured on synthetic records
of up to a million samples and on two public
archives, the daily station positions of the Nevada
Geodetic Laboratory [34] and one year of the hourly
Integrated Surface Database [35], each series fitted
with a six-parameter model of level, trend and
annual and semiannual harmonics [36]. This model
is linear, so for stations near earthquakes of

magnitude 7.0 and above with at least two years of
post-event records a post-seismic term A(1—
e~(t=te)/7) is added, its decay time T fitted from the
stored image of the post-event segment and from its
raw samples.

The workstation has an AMD Ryzen 9
9950X3D processor (4.3 GHz base, 5.7 GHz boost,
32 logical cores) and 54.9 GiB of memory under
WSL2, with Python 3.14.2, NumPy 2.4.1, SciPy
1.17.0 and OpenBLAS 0.3.30; the edge device is a
Raspberry Pi 5 with four Cortex-A76 cores at up to
2.4 GHz and 7.7 GiB, with Python 3.12.14, NumPy
2.5.3, SciPy 1.18.1 and OpenBLAS 0.3.34. Linear
algebra runs on one thread, and the archive runs use
16 worker processes on the workstation and four on
the Pi. A filter step is timed around the update alone,
as the mean, median and slowest step over five
repeats; the reduction times include reading the files
and writing the images. The Pi’s load average of
2.08 at the start of its refit is its idle level; no other
process ran. The microcontroller, an nRF52840 with
a Cortex-M4F core, runs in single precision only the
fixed-window update (6) for a two-parameter model
linear in its parameters, without clipping, the
adaptive window or the test (7).

RESEARCH RESULTS
The fit from an additive image of the data

Table 3 compares the two fits run by run, by the
largest difference of the estimates in standard errors
of the batch fit. The values are the largest over 32
seeds; the smallest order in the last row is taken over
eight seeds.

The trajectory is the exact cause of the
condition stated with (5): a quadratic lies in the span
from order two, and the fits coincide at every order
and span. The oscillating plants are the approximate
case: at order 24 their estimates differ by at most
5.5-107* of a standard error in any of the 128 runs,
while at order five they move by hundreds of
standard errors, and the order needed grows with the
span. Equal areas on as many blocks as parameters
is an exactly determined matching, not least squares,
and differs from the batch fit by up to 306 standard
errors. On the one-second filter window of the
oscillating plants order five leaves 1.3 - 10™* of the
Jacobian outside the span. Additivity holds in
floating point: eight chunk images of a record of a
million samples, merged in either order, reproduce
the parameters of the whole record to a relative 2.1 -
10715, and without one chunk the parameters move
by 0.009 and 0.018 of their standard errors, a loss of
data and not an error of the method.

502 Computer science and software engineering

ISSN 2617-4316 (Print)
ISSN 2663-7723 (Online)



Pysarchuk O. O., Tuhanskykh O. A. [/

Applied Aspects of Information Technology
2026; Vol.9 No.4: 497-511

Table 2. Final parameter error in percent

Estimator Damped Sinusoid First-order rise Trajectory
oscillator

Window filter, Legendre basis 0.59(0.37)/0.50 | 0.34(0.19)/0.33 | 0.29(0.44) / 0.18 | 2.69 (1.65) / 2.76
Window filter, block basis 0.62 (0.46) /0.49 | 0.34 (0.18)/0.33 | 0.45(0.53) / 0.24 | 2.69 (1.64) / 2.80
Window filter, window of 180 samples | 0.34 (0.25) /0.27 | 0.32(0.18) /0.30 | 0.21 (0.15) / 0.17 | 2.57 (1.68) / 2.11
Window filter, tracking tuning 7.00(7.89)/3.84 | 1.69 (1.26)/ 1.54 | 16.2 (9.60) / 16.5 | 24.3 (17.5)/ 20.4
Kalman filter, tracking setting 1.00 (0.45) /0.89 | 0.50 (0.29) / 0.39 | 0.67 (0.26) / 0.60 | 4.67 (3.50) / 3.26
Kalman filter, static setting 0.54 (0.19)/0.53 | 0.20(0.14) /0.16 | 1.31(0.28) / 1.27 | 2.32 (1.76) / 1.59
Kalman filter, best of twelve settings 0.54 (0.19)/0.53 | 0.20(0.14) /0.17 | 0.35(0.21) /0.35 | 2.17 (1.54) / 1.70
Sliding-window refit 48.4 (14.0)/56.1 | 1.95(1.43)/1.53 | 38.8 (13.5)/44.1 | 417 (49)/ 432

Batch least squares 0.17 (0.10)/0.14 | 0.20(0.14)/0.15 | 0.17 (0.14) /0.14 | 2.34 (1.78) / 1.53
Ratio to the static Kalman setting 1.10[0.89, 1.33] | 1.68[1.26,2.25] | 0.22[0.14,0.36] | 1.16 [0.97, 1.42]
Ratio to the best Kalman setting 1.10[0.89, 1.33] | 1.64[1.24,2.19] | 0.85[0.50, 1.42] | 1.24[1.05, 1.50]
Ratio to best Kalman, window of 180 | 0.63[0.50, 0.76] | 1.55[1.21, 2.01] | 0.61[0.47,0.77] | 1.19[1.03, 1.38]
Ratio to batch least squares 3.52[2.92,4.27] | 1.70[1.27,2.28] | 1.70[1.10, 2.63] | 1.15[0.96, 1.42]

Source: compiled by the authors

Table 3. Fit from the image against batch least squares

Measure Damped Sinusoid First-order Trajectory
oscillator rise

Difference, standard errors, Legendre order 24 | 5.5-107% 3.4-107* 1.0-1075 6.5-1077
The same, Legendre order 5 758 2084 0.040 6.5-1077
The same, as many blocks as parameters 306 20.8 1.08 2.19
Relative excess of the batch criterion, order 24 | 5.3.10710 2.0-10710 4410716 4.4.10716
Jacobian outside the span, window, order 5, 1.3-107* 1.3-107* 1.5-107° 7.6-10711
median
Smallest order for 0.1 standard error, half / 10/24 /over| 10/24/over 24 3/5/6 21212
whole / double span 24

Source: compiled by the authors

The window filter against the extended
Kalman filter

Table 2 gives the final error over the 32 paired
seeds and the ratios the comparison rests on. Each
cell holds the mean error in percent with the
standard deviation in parentheses and, after the
slash, the median; a ratio is that of the mean error of
the window filter on the Legendre basis to the mean
error of another estimator, with the 95 % bootstrap
interval over the paired seeds.

The Legendre and block forms of the filter are
level, so the two criteria give one filter. Against the
static Kalman setting the paired intervals give parity
on the damped oscillator and the trajectory, a lead on
the first-order rise, where the filter’s error is 0.22 of
the Kalman filter’s, and a deficit of 1.7 times on the
sinusoid; the best of the twelve Kalman settings,
chosen after the fact, closes the gap on the rise and is
1.24 times ahead on the trajectory.

Neither recursion reaches the batch floor on a
plant with a transient: passing over each sample

once, the filter is 3.5 times behind it on the damped
oscillator, in all 32 seeds, and 1.7 times on the
sinusoid and the rise. The medians agree except on
the trajectory, where the filter’s median is 1.74 times
the static Kalman filters, so parity there holds for the
means only. In its tracking tuning the filter is 3.4 to
24 times behind the Kalman tracking setting on
these constant parameters. The sliding-window refit,
which carries nothing over, is the worst throughout.

How the Kalman filter is set decides most of
this comparison (Fig. 2a): over twelve settings its
error spans a factor of 465 on the damped oscillator
and 12 to 233 on the other plants, and the most even
setting is within 2.3 times the best on every plant.
The noise sweep (Fig. 2b) bounds parity with the
static setting: the filter is ahead at two percent noise,
level at five and behind by 1.5 and 1.2 times at ten
and twenty percent.

A filter step costs eight to nine times a Kalman
step (Table 4), little of it in the step search, since
99.8 percent of 154 607 steps took the first length,
the most was five and none was rejected; the step
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grows by a third from W =20 to 240, not
measurably with the order, by a fifth from two to
five parameters and by half with a tenth of the
samples missing. The refit is comparable only in the
mean, it’s median being that of the steps between
refits, one step in twenty, while a refit itself reaches
15 ms because its iterations are not fixed. In Table 4,
measured on the Python reference implementation,
the ranges of the first three rows are over the four
plants, the rows in the window and the order are for
the window filter on the damped oscillator, and the
row in the number of parameters is on a polynomial
model. What the filter keeps is small: the state of a
three-parameter filter takes 212 bytes in single
precision with a window of 15 and 492 bytes with
50, a step allocates 5.3 and 7.6 kB beside the 210
MB of the interpreter process, and on the
microcontroller the fixed-window update of a two-
parameter linear model holds 152 bytes against 184
predicted and takes 104 us.

—&— Kalman, r=0.5 =@= window filter
-~ Kalman, true r
l\

=
St
on 2
o 1073
=
=
k)
g
© 10 3
—
-
o
=
)

0

10 4
T T T T
damped sinusoid first-order trajectory
oscillator rise

a

Table 5 gives the calibration of the window
filter under the static tuning over 32 seeds: the
median of eTC~1e for an estimate error e and
covariance C, then the shares of the errors within
one and within two standard errors. The estimate is
scored every W samples from the third window on
and at the last sample, 320 points (416 on the
trajectory); 16 window fits on the rise are excluded,
having no finite covariance.

The gain state P is overconfident on every
plant: its median normalised squared error e P~1e
is 11 to 20 times the chi-square median and 0.20 to
0.28 of the errors fall within one of its standard
errors, as a matrix that counts each sample up to W
times must; it sets the gain and is not reported. The
covariance of the window fit is close to the reference
on the sinusoid, the rise and the trajectory but not on
the damped oscillator, where its median of 38.4
exceeds that of P and 0.90 of the errors fall within
two standard errors.

—&— Legendre, static
—® - block, static
—& - Legendre, tracking

- - Kalman, tracking
—%¥— Kalman, static

parameter error, %

5 10 15 20
noise, % of the signal deviation

b

Fig. 2. Error of the extended Kalman filter over its settings and of the window filter,
means over eight seeds:
a —error at each of twelve Kalman settings relative to the best setting for the plant;

b — final parameter error on the damped oscillator against the noise level
Source: compiled by the authors

Table 4. Cost of one step in microseconds

Table 5. Calibration of the window filter

Estimator Mean Median Slowest
Window filter 8210116 741099 | 225t0345
Kalman filter 9.8t013.1 | 9.0t012.3 | 51t082
Sliding-window | 29t0121 |0.19t00.20| 801to
refit 15212
W 20; 60; 240 101; 107; | 90; 94; 114 | 312; 544;

133 561
Order 3; 9 107; 107 94; 94 487; 605
m?2;3;5 76;79;91 | 67;71;81 | 380;312;
367
10 % missing 164 133 552

Source: compiled by the authors

Plant Gain state | Window fit | Calibrated

P reference

Damped 25.9; 0.28; | 38.4;0.69; | 2.37;0.68;
oscillator 0.49 0.90 0.95

Sinusoid with | 36.2; 0.22; | 2.18; 0.69; | 2.37; 0.68;
offset 0.40 0.95 0.95

First-order 19.5; 0.25; | 1.43;0.75; | 1.39; 0.68;
rise 0.42 0.96 0.95

Trajectory 46.6; 0.20; | 2.32; 0.65; | 2.37; 0.68;
0.37 0.94 0.95

Source: compiled by the authors
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Gross anomalies, missing samples and a
change of the parameters

Table 6 sets the clipped filter against the
defences a Kalman filter has. Each cell gives the
median error in percent over 32 seeds and, after the
semicolon, the number of the 32 runs ending below
five percent.

Without a defence the Kalman filter fails at the
first spikes. Gated with the fixed variance r = 0.5, it
keeps as many runs as the clipped filter at three to
five times its median error, a variance far above the
true one damping every update. Given the true
variance the gated filter is level with the window
filter; re-acquisition recovers one run at most, the
Huber weight does worse, and the gated tracking
setting keeps only 14, 12 and 3 runs. The window
filter needs neither a gate nor the true variance,
because a residual is judged against the fit of the
samples around it; on clean data clipping changes its
error by 0.004 points. Missing samples, up to a fifth,
cost no estimator more than two runs, and the
window filter, at medians of 0.43 to 0.60 percent,
stays level with the static setting’s 0.53 to 0.58.

Table 7 separates the test from how often it is
consulted. Each entry gives the value with a fixed
and, after the slash, an adaptive window over 96
runs (twelve phases, eight noise realizations); false
alarms are counted in 1400 distinct pre-jump
samples and settling is to within five percent of the
new value. On every sample, with both detectors set
to the same false-alarm rate on records without a
change, two alarms in 80 000 samples, the baseline
detector flags 85 of 96 jumps 0.08 s after them and
test (7) all 96 within 0.4 s; once per window, at their
own thresholds, they flag 76 and 80 at 3.27 and 3.05
s. The polling rate thus accounts for nearly all of the
delay (Fig. 3a), and the test adds the jumps the
baseline misses. No per-sample arrangement raised a
false alarm among the 1400 distinct screened
samples, which bounds the rate below 21.4 per 10
000 at 95 percent; Table 8 measures it.

The re-arming decides the return to the new
value (Fig. 3b): inflating P leaves the samples from
before the jump in the window, so the fixed window
needs 5.26 s and the adaptive one 2.37 s, while
clearing it brings both to 0.78 s.

Without a change, statistic (7) stays below its
chi-square reference in mean and quintiles, with a lag-
one autocorrelation above 0.7 from the overlapping
windows (Table 8), so @ bounds the false-alarm rate,
0 to 0.25 per 10 000 samples, for white noise only:
under a first-order autoregression with coefficient 0.5
and 0.8 the rate rises to 36 and 124, and the error of
the filter on the damped oscillator grows to 1.74 and

2.43 times that of the static Kalman filter. The records
of Table 8 are white noise unless an autoregression
coefficient is given.

Table 8. Statistic (7) on records without a change

Record Mean of (7);| 99.99 % False
lag-one quantile |alarms per
correlation of (7) 10*
samples

Damped 3.99; 0.74 225 0.22
oscillator
Sinusoid with 3.29;0.74 21.3 0
offset
First-order rise 4.35; 0.71 22.3 0
Trajectory 5.20; 0.75 23.9 0.13
Sinusoid 4.22; 0.78 25.7 0.25
Sinusoid, coef. 11.0; - - 35.9
0.5
Sinusoid, coef. 25.6; — - 124.4
0.8
Reference 6; 0 27.9 1

Source: compiled by the authors
Distributed processing of large archives

On  synthetic  records  double-precision
accumulation stays below 2 - 10715 for any number
of chunks, while naive single precision reaches 1.3 -
107° at 1024 chunks and a compensated sum gains a
factor of 24 (Fig. 4a); streaming holds memory flat,
80 MiB at a million samples of 32 channels against
336 MiB resident (Fig. 4b).

A file is attempted when it is read and reduced
when its image is written (Table 9); those that failed
on input had too few epochs or valid temperature
rows for the model or, for 324 hourly files, a read
block with none. Every reduced series was fitted; the
2817 and 966 not accepted are those the gate flags.
One worker reduced 76 000 daily epochs of three
components a second, or 600 000 on twelve workers,
at a resident peak of 670 MiB, 50 MiB of it the
method’s own, flat over a tenfold number of files.

The sampling grid decides the saving: the
hourly archive, on a uniform grid, shrinks 180 times,
the irregular daily positions 1.18 times, since the
image keeps an irregular grid and its order grows
with the span: the median ratio falls from 2.4 at one
to three years to 1.0 at twenty to thirty-five (Fig. 4c).

The Raspberry Pi 5, given only the images,
refitted all 12 677 station-years on four workers
(Table 9); every accepted fit agrees with the
workstation to 7.3 - 1078, and the 233 beyond 10~
are all flagged by the gate. Of the 1447 station
components whose decay time the raw fit puts two
standard errors from zero, 1441 pass the gate, and on
these 7, A and the offset agree to within a hundredth
of their standard errors.
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Table 6. Damped oscillator under gross anomalies and missing samples

Estimator No anomalies 5% 10 % 20 %
Window filter, clipped 0.50; 32 0.35; 32 0.43; 31 0.55; 29
Kalman filter, static setting, no gate 0.53; 32 348; 5 395; 1 494; 0
Kalman filter, gated, r = 0.5 1.70; 32 1.80; 32 1.87; 30 2.85; 28
Kalman filter, gated, true variance 0.44,; 31 0.45; 31 0.46; 30 0.48; 30
The same with re-acquisition 0.44; 32 0.45; 32 0.46; 31 0.48; 30
Kalman filter, Huber weight, true variance 0.43; 31 0.58; 23 1.17; 19 1.79; 19
Kalman filter, gated, tracking setting 0.89; 32 7.03; 14 11.5; 12 316; 3
Missing samples
Window filter, clipped — 0.43; 32 0.56; 32 0.60; 32
Kalman filter, static setting, no gate — 0.53; 32 0.56; 32 0.58; 32
Kalman filter, gated, r = 0.5 - 1.76; 32 1.76; 32 1.78; 32
Kalman filter, gated, true variance - 0.46; 31 0.46; 30 0.53; 31
The same with re-acquisition - 0.46; 31 0.46; 31 0.53; 31
Kalman filter, Huber weight, true variance - 0.44; 31 0.41,; 31 0.46; 31
Kalman filter, gated, tracking setting - 0.87; 32 0.79; 32 1.06; 32
Source: compiled by the authors
89 —m- baseline detector, fixed window: 76 of 96 5 4 — == fixed window, P re-armed
—i - baseline detector, adaptive window: 53 of 96 == adaptive window, P re-armed
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Fig. 3. Alarm and recovery after a jump in amplitude:
a — delay of the alarm against the position of the jump within the window;

b — amplitude estimate around a jump under three ways of re-arming the filter
Source: compiled by the authors

Table 7. Detection of a jump in amplitude

Alarm, polling and re-arming Flagged Mean delay, s | False alarms Settling, s
Baseline detector, once per window 76 /53 3.27/1.35 1/0 5.26/2.36
Baseline detector, every sample, matched rate 85/85 0.08/0.08 0/0 5.26/2.37
Test (7), once per window 80/48 3.05/1.18 0/0 5.26/2.36
Test (7), every sample, P inflated 96 / 96 0.08/0.08 0/0 5.26/2.37
Test (7), every sample, window cleared 96 /96 0.08/0.08 0/0 0.78/0.78

Source: compiled by the authors
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Fig. 4. The reduction at scale:
a —accumulation error against the number of chunks; b — peak memory against the record length;
¢ — ratio of raw to stored size against the span of a series for the daily positions, with the hourly

archive and the break-even line for reference
Source: compiled by the authors

Table 9. Processing of the two public archives

Quantity Daily Hourly
positions weather

Files attempted; failed on 23 769; 594 | 13 345; 668

input

Files reduced; series fitted 23 175; 12 677;
69 525 12 677
Series accepted at 1078 66 708 11711
I11-conditioned; 1275; 1542 | 835; 131

undersampled
Raw; stored size, GB

17.00; 14.42|51.59; 0.287

Reduction, 16 workers, s 133.3 49.1
Refit, s: workstation; Pi - 18.75; 373.7
Post-seismic fitted; accepted | 2541; 1441 -
Largest difference of t; A4; 0.0083; -
offset, standard errors 0.0075;

0.0044

Source: compiled by the authors
DISCUSSION OF RESULTS

The discrete form of the criteria brings
nonlinear least squares into the summation form of
Chu et al. [8]: criterion (5) needs from the data only
a sum, and the image is a mergeable synopsis [31]
for nonlinear models.

Over a sliding window the same sum gives a
recursive filter that at the windows of Table 1 is not
ahead of a well-tuned extended Kalman filter in
accuracy and with the longest window is ahead of
the best Kalman setting on two plants and behind on
two (Table 2); it changes the tuning, since the
sensitivity analysed by Ljung [3] spans a factor of up
to 465 across the Kalman grid and the filter needs no

noise covariance. Adaptive Kalman filters [13], [15]
and moving horizon estimation [18], [19] carry no
mergeable statistic and were not compared here.

The findings are limited to synthetic plants, one
spike model and one amplitude step, process noise
set by hand per plant, windows of at most 180
samples, white noise for the rankings and false-
alarm rates, no per-sample test on Kalman
innovations, timings of a Python reference, a
microcontroller build of the fixed-window update
alone, a fixed order rule for long irregular series, and
a running image that needs the span of the stream in
advance.

CONCLUSIONS

1) Least squares in expansion coefficients has
one additive statistic, the image of the data on a
block or a Legendre basis, and the fit from it
coincides with batch nonlinear least squares when
the model’s sensitivities lie in the span of the basis:
at Legendre order 24 the two differ by at most 5.5 -
10~* of a standard error, and merged images
reproduce the whole-record fit to rounding error. At
a low order or with equal areas the fit is an
approximation.

2) A recursive filter on the image of a sliding
window has a bounded cost and state per step and
needs no noise covariance. At the windows of Table
1 it is not ahead of a well-tuned extended Kalman
filter and 1.7 times behind the static setting on the
sinusoid; with a window of 180 samples (Table 2) it
is ahead of the best Kalman setting on two plants
and behind on two, at paired ratios of 0.63 and 0.61
on the damped oscillator and the rise and 1.55 and
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1.19 on the sinusoid and the trajectory, no interval
containing one, and a step costs eight to nine times a
Kalman step; its gain state is overconfident, and the
covariance of the window fit describes its errors on
three of the four plants.

3) Clipping the window residuals keeps as
many runs below five percent under gross anomalies
as a Kalman filter gated with the fixed variance r =
0.5, at a third to a fifth of its median error, and stays
level with one gated at the true variance; missing
samples up to a fifth leave the filter level with the
Kalman filter. The innovation test on every sample
flagged all 96 jumps within 0.4 s at 0 to 0.25 false
alarms per 10 000 samples under white noise, its
lead in delay coming mostly from the polling rate.

4) The additive form carries over to large
archives: two public archives of 17 GB and 52 GB
were reduced once in memory that does not grow
with the record, every series the gate passed is
refitted from its image to 1078 and, on a Raspberry
Pi 5, t0 7.3 - 1078 of the workstation’s fit, and the

post-seismic decay time to within 0.0083 of its
standard error.

The scientific novelty is a form of least squares
in expansion coefficients whose one additive
statistic is both the data statistic of a distributed
nonlinear fit and the measurement of a recursive
filter with a change test on every sample; its
practical value is an estimator for streams, archives
and small devices without noise covariances. Further
work concerns correlated noise, a compiled filter
step and a rule for the basis order on long irregular
series.
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AHOTAILIA

AxTyanbHicTh. OIIHIOBaHHS HENIHIHHOI MoOAeNI MeTOAOM HaHMEHINNX KBaJpaTiB IEepeulTye KOXKEH BLITIK Ha KOXHIN
iTepamii, Mo He MiIXOAWTH aHi JJIS MOTOKY JAHWX, aHl JUId pO3NOIiUIEHOro apXiBy. PekypeHTHI QinbTpn morpeOyroTh Hamepen
3aJJaHNX KOBapiamii nIyMiB, a 3aco0H pO3MOALIIEHOT 00pOOKH 00’ €JHYIOTh CTATHCTUKH JIMIIE JIHIHHUX Mozaeinel. MeTa i 3aBiaHHsl.
MeTor0 € po3poONIEHHs] PEeKypeHTHOI Ta aAUTHUBHOI ()OPM METOIy HalMEHIIMX KBaApaTiB 3a KoeQilieHTaMu pO3KIany, KpUTEpito
pPIBHHX IUION[ 1 METOAy HaWMEHIIMX KBajpatTiB 3a Koedimientamu JlexxaHmpa, s HEJIHIHHOTO OIIHIOBaHHS Ha MOTOLI 3
00MEKEHHMH BUTpaTaMH Ta Ha apXiBi 0e3 MOBTOPHOrO YMTAHHS. 3aBJAHHS: BCTAHOBHTH YMOBH, 32 SIKHX OLHKAa 3a aJUTHBHUM
300paXK€HHAM JaHMX 30iraeTbcs 3 MaKETHOMO OLIHKOK HalMEHIIMX KBaApaTiB, MOOyAyBaTH Ha Hill BIKOHHMH (iibTp i MOpiBHSATH
foro 3 posmmpenuM ¢ineTpom Kanmana, ocHactuTH (inbTp 3acob0amu Uit rpyOMX aHOMaNid, HPOMYIIEHWX BIUTIKIB 1 3MiH
IIapaMeTpiB Ta 3aCTOCYBATH aJUTUBHY (POpMYy /10 BeNMKHX apxiBiB. Bukopucrani meroau. [Ipoexuis raHux Ha OnokoBuil 6a3uc ado
6a3uc Jlexannpa, i Matpuis ['pama Ta CymMH BiUTIKIB YTBOPIOIOTH aJJUTHBHE 300pa’keHHSI, 32 SKUM MOJIENb OLIHIOIOTh BUOIICHUM
METOZIOM HaWMeHIMX kBajpariB. DinbTp € nemmpoBaHNM OHOBJICHHAM B iHGOpMauUiiiHii GopMi 3 piBHEM IIyMy, OLIHEHHM 3a
BiKHOM, OOMEKEHHSIM 3aJIMIIKIB i IIEPEeBIPKOI0 IHHOBALIT Ha KOKHOMY Bimiky. Pe3yabTaTn. OniHka 3a 300pakeHHsIM 30iraeTbest 3
MAKETHOIO OILIHKOK HAaWMEHINMX KBaapaTiB, KOMM YYTJIMBOCTI MOJENI JIeXxaTh y HpocTopi Oasucy, a o0’eiHaHi 300paKeHHs
BiJITBOPIOIOTH il 3 TOYHICTIO IO OKpPYIJCeHHs. 3a OiIoro mymy BiKOHHHH (uIbTp piBHHH crarmuHomy ¢ineTpy Kanmana a6o
BHUIIEpEDKAE HOro Ha OLTBIIOCTI 00’€KTIB 1 MOCTYMAEThCs HOMY Ha CHUHYCOIAI, 3a IpyOuX aHOMalliii 30epirae CTiNBKU K MPOTOHIB,
ckinpku ¢Qinerp Kanmana 3 moOpe HajamTOBaHUM CTPOOYBaHHSIM, 1 IIBUJKO BHSBIISIE CTPUOKU MapaMeTpiB, TOJOBHO 3aBJISIKU
MepeBipli Ha KOXXHOMY BiUTKy. Bigkpurti apXiBM OIMH pa3 3BENEHO 1O 300pa)KCHb 1 OLIHEHO 32 HUMH Ha OJHOIUIATHOMY
KOMIT'I0Tepi, 30KpeMa HeJliHiiHy craiy yacy 3racanHs. BucHoBkn. OnHa aIuTHBHA CTATUCTHKA OOCIYroBYeE MOTIK, apXiB 1 Maauid
obuucmoBad. OUTbTp MOPIBHIHHUK 3a TOUHICTIO 3 A00Ope HajmamroBaHuM ¢inbTpoMm Kammana i TOpoXxumii Ha KOXKEH KPOK, ajie He
noTpe0ye KoBapialliii IyMiB, CTIHKHI 0 rpyOuX MOXHOOK Oe3 cTpoOyBaHHs 1 mepeBipsie 3MiHU Ha KOYKHOMY BiJUTIKY.

KirouoBi cioBa: ouiHIOBaHHS MapaMeTpiB; HeJliHIAHA MOJEINb; MPOEKLIs AaHUX; PEKypeHTHHUH (inbTp; BHUSABICHHS 3MiH;
po3mozaineHe 00poOICHHS
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