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ABSTRACT

The work is devoted to the problem of constructing GL-models of behavior in the fault flow of non-basic fault-tolerant
multiprocessor systems. We consider systems that are fault-tolerant to any one failure, and under a certain condition — to any two
failures of their processors. It is assumed that this condition is satisfied by a Boolean expression that depends on the states of the
system's processors. To build models of such systems, we use the previously proposed method based on combining the expressions of
the edge functions of auxiliary basic GL-models corresponding to 1- and 2-fault-tolerant systems. Two alternative ways of constructing
auxiliary K(2, n) models are considered. It is shown that the obtained GL-models are based on the same cyclic graphs and differ only in
the expressions of their edge functions. The complexity of the expressions of the edge functions of the obtained models is analyzed for
the cases of using auxiliary GL-models of each type. The formulas for estimating the complexity of these expressions (the number of
elementary logical operations) depending on the number of processors in the system, in particular, for cases when this number is a
power of two, are obtained. Also, for the case of using one of the auxiliary models, the possibility of further simplification of the
expressions of some of the edge functions is revealed. It is determined in which cases, namely, for what number of system processors,
it is advisable to use auxiliary models of one or another type. Experiments confirm that the GL-models constructed in the above way
adequately reflect the behavior of the system. Examples are given that demonstrate the application of the considered method of
constructing non-basic GL-models and confirm the correctness of estimation the complexity of expressions of their edge functions
when using auxiliary models of various types. It has also been shown that further simplification of the expressions for the edge
functions in GL-models under construction is possible, particularly by reordering the edges in auxiliary models. However, this
possibility has not been investigated in the general case within this article.
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INTRODUCTION of the CS can obviously lead to the incorrect
operation of the system as a whole, which can have
negative consequences. Thus, the CS of some
systems and facilities may be subject to increased
reliability requirements. This is especially relevant to
the so-called critical application systems (CAS)
[3, 4], [5] the failure of which can lead to significant
material damage, threaten human health or life, etc.
(e.g., railway, aviation, space transport, military
equipment, power plants, complex production
facilities, etc.). It is also worth noting that often, CAS
control programs are quite complex, requiring high
performance from their CS.

Automation of various processes and systems
has become increasingly common, especially in
recent decades. The control of such facilities is
partially or fully relied on specialized control systems
(CS) [1,2]. This minimizes the influence of the
human factor and thus avoids a number of
limitations, in particular with regard to the speed and
accuracy of decision-making.

The control system receives data from various
sensors and produces control signals in accordance
with a specialized program. The incorrect operation

Taking into account the above factors, it is
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contain a certain number basis of so-called fault-
tolerant multiprocessor systems (FTMS), which, as
their name implies, (more than one) of processor
elements and remain operational even in the event of
failure of some of them [6, 7], [8, 9], [10, 11], [12].

Sooner or later, the developer of a FTMS
(especially if it is a CS CAS) faces the task of
calculating its reliability parameters, for example,
the probability of failure [13, 14], [15, 16]. Given
that such FTMS may have quite complex structure,
this can be a difficult task [17, 18], [19].

It is worth noting that fault-tolerant
multiprocessor systems can be divided into basic and
non-basic systems. A basic system contains n
processors and is resilient to the failure of no more
than m of them (such a system is denoted K(m, n)).
A non-basic system may be resistant to a certain set
of failures of a certain multiplicity, but unstable to
other failures of the same multiplicity.

LITERATURE REVIEW

In general, we can distinguish 2 groups of
methods for calculating the reliability parameters of
FTMS. The methods of the first group are reduced to
the formation of some analytical expressions for
calculating these parameters. Their advantage is
usually the accuracy and speed of calculations, but
the disadvantage is non-universality. Often, new
calculation methods have to be created for each type
of system [20,21], [22]. Therefore, they are
convenient to use for special types of systems,
especially if they can be parameterized by a small
number of parameters. Such systems include, in
particular, basic systems such as k-out-of-n [23, 24],
[25, 26], and some non-basic systems such as k-to-I-
out-of-n [26], consecutive k-out-of-n [27, 28],
[29, 30], [31, 32], [33, 34], consecutive k-within-m-
out-of-n [35, 36], [37], consecutive k-out-of-r-from-
n [38, 39], [40] m-consecutive-k-out-of-n [41, 42],
[43], (n,f k) [44,45], [46], <n,f k> [44,45],
consecutive-(k, I)-out-of-n  [47], m-consecutive-k,I-
out-of-n [48, 49], [50], (r, s)-out-of-(m, n) [51, 52],
[53], consecutive-k.-out-of-n, [54] etc.

The methods of the second group are based on
statistical experiments with models of the behavior
of the FTMS in the failure stream. Such a model
takes as input a Boolean vector of the system state,
each element of which characterizes the state
(operable/failed) of the corresponding processor and
returns the state of the system as a whole
(operable/failed) [55]. As a result of a series of
experiments with random vectors, it is possible to
calculate the system's reliability parameters with
some accuracy (which generally depends on the

number of experiments conducted). The advantage
of these methods is their versatility (it is enough to
build a model of system behavior in the failure
stream), and the disadvantage is usually higher
complexity and lower accuracy of calculations.

GL-MODELS

It is convenient to use the so-called GL-models
[56, 57], which combine the properties of graphs and
Boolean functions, as models of the behavior of
FTMS in the failure flow. A GL-model is an
undirected graph, each edge of which corresponds to
a Boolean function that depends on the elements of
the Boolean vector of the system state (all or only
some). If the function takes a zero value on a certain
vector, the corresponding edge is excluded from the
graph. The connectivity of the graph corresponds to
the system's operability (for the processor states
corresponding to the vector under consideration): a
connected graph means the system is operational, an
unconnected graph means the system has failed.

There are different ways to build GL-models.
For example, in [58], a method for constructing
models of basic K(2, n) systems is proposed. Such a
model is based on a cyclic graph with n edges and
contains edge functions of the form

5]

fi=xV /\ X(i+j) mod ns
j=1

where X; is i-th element of the system state vector.

In turn, [59] proposes a more universal method
for constructing GL-models that can be applied to
any basic system of the form K(m,n), where
1 <m<n. According to this method, the GL-model
of the K(m, n) system is based on a cyclic graph with
exactly ¢ =n—m+ 1 edges. The edge functions
of such a model are constructed by dividing the
input vector into two parts (in general, in an arbitrary
way) and constructing auxiliary GL-models for them
(GL-models of the basic systems are also denoted
K(m, n) and called basic). The set of edge functions
of the GL-model K(m,n) thus consists of the
following subsets.

1. The set of edge functions of the auxiliary
model Ki(m, ny), built for the first part of the input
vector.

2. The set of edge functions of the form

fj =11 (m — i,n1) Vi, (i, ny),

fori=1,2,...,m-1, where
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f(l),

K1 (m - i' nl) =
f(l)Eq)(Kl (m—i,nl))

KZ (ll nZ) = f(Z);
f(2)€¢)(K2 (l,nz))

where @(K; (m —i,n,)) is the set of edge functions
of the auxiliary model Ki(m —1i, nz), built for the first
part of the input vector, and @(K,(i,n,)) is the set
of edge functions of the auxiliary model K(i, n),
built for the first part of the input vector.the set of
edge functions of the auxiliary model Kz(m, ny), built
for the second part of the input vector.

Such a process of separation can continue for
the auxiliary models until the models of the form
K(1, n) or K(n, n), the shape of the edge function for
which is known. Thus, the model K(Z1, n) contains
exactly n edge functions of the form f; = x;, and
model K(n, n) contains only one edge function of the
form f =x,Vx,V..Vx,. If certain auxiliary
models of the form K(m, n) can not be constructed in
principle, for example, in the case of m>n, the
corresponding edge functions are excluded from the
resulting set.

The construction of GL-models of non-basic
systems (i.e., non-basic models) can be performed
by modifying certain auxiliary basic models. Thus,
in [60], a method for constructing a non-basic
system with n processors, which, depending on the
occurrence of conditions represented by Boolean
expressions ci, Co, ..., C, IS resistant to any failures
of multiplicities not exceeding mi, ma, ..., m
respectively. To do this, it is necessary to construct
auxiliary GL-models K(mi, n) for i=1,2,... Kk,
based on cyclic graphs (for example, by the methods
described in [58, 59]), after which the edge functions
of the resulting model (also based on a cyclic graph)
are constructed according to the expressions of the
form:

fi= af PV fPv.vefs®, 1)

where fio) is i-th edge function of the j-th auxiliary
GL-model.

In addition, GL-models, both basic and non-
basic, can be used as auxiliary models for building
models of more complex systems, for example,
hierarchical ~systems consisting of several
subsystems [61, 62]. It is also worth mentioning that
the accuracy of calculating the reliability parameters
of a FTMS using GL-models depends on the number
of statistical experiments performed. Thus, reducing

the complexity of conducting one experiment with
the model allows to increase the accuracy of
estimating the reliability parameters of FTMS while
maintaining the overall complexity of calculations.

PROBLEM FORMULATION

In some cases, a FTMS (or its subsystem) may
have a small degree of fault tolerance, in the
simplest case equal to 1. However, the reliability of
such a system may be insufficient, and therefore the
developer may increase its degree of fault tolerance,
for example, to the value of 2, but only for some
situations (when available excess resources allow it).
Thus, depending on the fulfilment of a certain
condition, the system will be 1- or 2-fault-tolerant
(we call it 1-/2-fault-tolerant). To build a GL-model
of such a system, one can use the method described
in [60], using, as suggested in [60], the K(1, n) and
K(2, n) models built in accordance with [59] as
auxiliary models. However, the method also allows
the use of other GL-models that are also based on
cyclic graphs, in particular, those described in [58].
It is useful for the developer of the FTMS to
understand which of the approaches is appropriate in
a particular case and what properties the resulting
model will have.

Thus, it is relevant to investigate the properties
(in particular, the complexity of expressions of their
edge functions) of GL-models of non-basic 1-/2-
fault-tolerant multiprocessor systems built according
to [60] using as auxiliary models built according to
[58] and [59].

MODELS OF SYSTEMS TOLERANT TO
ONE AND TWO FAILURES

The auxiliary models in the construction of a
GL-model of a 1-/2-fault-tolerant n-processor
system in accordance with [60] are the K(1, n) and
K(2, n). We will also assume that the situation when
the system is 2-fault-tolerant corresponds to the
Boolean expression c, i.e., when ¢ = 1, the system is
2-fault-tolerant, and when ¢ = 0, it is 1-fault-tolerant.
The K(1, n) model will be built according to [59],
and it will be based on a cyclic graph with n edges

and trivial edge functions of the form £, = x;. The
model K(2, n) can be constructed both according to
[58] and [59].

Consider the case of building the K(2, n) model
according to [58]. Like the K(1, n) model, it is based
on a cyclic graph with n edges and edge functions of
the form
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5]

2
fi( )= x;V /\ X(i+j) mod n-

Jj=1

The edge functions of the GL-model of a 1-/2-
fault-tolerant n-processor system according to [60],
considering ¢; = ¢ and ¢, = ¢, will look like this:

fi — lei(l) v sz;(z) —

[ B \

:c'xl-Vc| xV /\ X(i+j) mod n | =

j=1 /
n—1
%=

=cxVex Ve /\ X(i+j) modn =

=0

=x;Vc /\ X(i+j) mod n-
j=1

Thus, the model will be based on a cyclic graph
with n edges and edge functions of a fairly simple
form. Note that the value of the expression ¢ for a
given vector can be calculated once (for all edge
functions). Thus, it is easy to see that the complexity
of calculating the value of any edge function of the
resulting GL-model (excluding the complexity of
calculating the value of the expression ¢) will be 1

disjunction and |2=* conjunctions, or in general
2

[nT_IJ + 1 an elementary logical operation. Given

that the model contains exactly n edge functions, the
complexity of calculating the values of all its edge
functions (excluding the complexity of calculating
the value of expression c) will be n disjunctions and
n- [n%l] conjunctions or n - (lnT_lJ + 1) elementary
logical operations.

The construction of the edge functions of the
model K(2, n) according to [59] is carried out
according to the iterative scheme described above.
Let us estimate the complexity of the expressions of
the edge functions of the K(2, n) model constructed
in accordance with [59].To simplify this evaluation,
we assume that n = 2¢ and that the input vector is
always divided exactly in half in the auxiliary
models. The complexity of expressions of edge
functions will be represented as a vector (n. ng),
where n¢ — is the number of conjunctions, and nq — is
the number of disjunctions.

According to the above iterative scheme, the set

of edge functions of the model K(2, 2") consists of
the following subsets.

1. The set of edge functions of the auxiliary
model Ki(2, 2'-1), constructed for the first half of the
input vector.

2. Assingle edge function of the form

f =K (1,27 )V, (1,287,
where

Ky (1,200 = o,
FDed(Kq(1,2t71))

k(1,257 = @,
F@ed(K,y(1,2t71))

where ®(K;(1,2¢71)) is the set of edge functions of
the auxiliary model Ki(1, 2'-1), constructed for the
first half of the input vector., and @(K,(1,2¢71)) is
the set of edge functions of the auxiliary model
Ka(1, 2'-1), constructed for the second half of the
input vector. Thus (taking into account the form of
the edge functions of the K(1,n), models, as
described above), the above function has the form:

2t-1 2t-1
f= /\XL'V/\Xj+2t—1
i=1 j=1

3. The set of edge functions of the auxiliary
model K,(2, 2'~%), constructed for the second half of
the input vector.

We denote the complexity of the edge function
from paragraph 2 as g (n). It is easy to see that

B(n) =B (2? = @
_m=2\_ (2t-2
=("79=0(1%)
The complexity of the entire model K(2, n) is
denoted as a(n). It is easy to see that

n
a(n) = a(2t) = 2a (E) B = g
=2a(27Y) + p(2YH).
It should also be noted that the model K(2, 2)

contains a single edge function of the form f =
x1Vx, and, accordingly,

a@) = =) (4)

Using the expansion of (3) an appropriate
number of times, we reduce a(2%) to expression (4),
substituting expression (2) for the corresponding
values of §:
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a2t =2 (2
+(285) =281 q(2V) + 2872 B(2%) +
+2073 - p(23) + -+ 2T ﬁ(zf D+20-p2H =

= 2t= a(zl)_l_zzl ﬁ(zt l) —

i
0 i 2tl_2
1)+Zz (*77%)=
i=0
t— t-2
2 zt-i—ZZZi-
i=0 i=0

2\
[ _
t-2 =
2t-1

2 k g
(Yz-zy )

:(2?_1)+<2t-(t—1)—2-(2f‘1—1)):

2001 -1
_<2f~(t—1)—2f+2):(2t (t—2)+2>
2714 2t-1 1 26 -1

Thus, the edge functions of the model K(2, 2Y),

constructed in accordance with [59] contain
2t-(t—2)+2  conjunctions and 2t—1
disjunctions, or in general 2'-(t—1)+1

elementary logical operations. The edge functions of
the GL-model of a 1-/2-fault-tolerant n-processor
system, when using the auxiliary model K(2,n),
constructed in accordance with [59], will be as
follows:

fi = clfi(l) \% czfi(z) =Ccx; V cfi(z), (5)

where i=1,2,..,n—1, where £® s the
expression of the i-th function of the model K(2, n),
and

fa=¢x,Vc-1=x,Vc.

Thus, the first n—1 edge functions of the GL-
model of a 1-/2-fault-tolerant n-processor system in
addition to the expressions of the edge functions of
the auxiliary model K(2, n) contain 2 conjunctions
and one disjunction each, and the last edge function
of this model contains only one disjunction. Thus,
the total complexity of the edge functions of this
model will be (excluding the complexity of
calculating the value of the expression ¢ and its
inversion ¢)

o (222H) + B2Y) . + B(ZH)) +

2 0
Yo =a+m-1-(7)+(7)
For the above case n = 2¢ this value is equal to
ty — t t 2 0
r@)=a@)+e -0 (1) +(3)
_ Zt-(t—2)+2) ¢ v (2 0\ _
_< ot _q +@ -1 (1)+(1)_
_ ( t-2t )
- 2t+1 -1 ’
or atotal of 2t*1 + ¢ - 2t — 1 elementary operations.
If we also take into account the need to perform an
invert operation for the value of the expression c

(once for all functions), then the total number of
elementary operations will be equal to

n2H =241 +t- 28

Note also that in some cases, expressions of the
form (5) can be further simplified. For example, it
can be seen that with an appropriate choice of pairs
of auxiliary model functions K(1, n) and K(2, n), the
situation of the form:

fi=cx;Ve(x; Vi) =Cx;Vex;Vexjg =
= X; V CXjp1.-

Thus, instead of two additional conjunctions
and one disjunction, only one conjunction is needed.
It can also be shown that when n = 2t this happens
for exactly 2t=1 edge functions (since this is the
number of expressions of the functions of the model
K(2, n) that have the form x; V x;,4). Accordingly,
the complexity of the edge functions of the GL-
model of a 1-/2-fault-tolerant n-processor system
using this transformation will be equal (except for
the complexity of calculating the value of the
expression c and its inversion ¢).

Y (25 = a(2) + (2t =1 =2t"1) - @ +

t—-1, 1 0 —

, +2 (o) + (1) N
_(2F-(t-2)+2 t-1_1y. (2
_< e )+(2 D-(7)+

t-1, (1 0y _
#2070 (o) + (1) =
_ <2f (t—-1)+ zf—l) _ (zt-l (2t — 1))
2t 4271 —1 3:-201—-1 /'
or a total of 2¢ - (t + 1) — 1 elementary operations.
Considering the additional inverting of the value of

¢, the number of elementary operations will be equal
to

n'(2Y) =2t - (t + 1).
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In some cases, other options for simplifying
expressions are possible, but they are not studied in
this article in general.

On the other hand, as shown above, the
complexity of the edge functions of the GL-model of
a 1-/2-fault-tolerant n-processor system when using
the K(2, n) model built in accordance with [58] as an
auxiliary model (excluding the complexity of
calculating the value of the expression c) is

rr=(n )

n

For the case n = 2¢ this value is equal to

2t —1 1
" ot . t_[t—l__J
Y25 = { 2 ] =(2 2 2>=
2t 2t
_ (2@t -1)
= ot )
i.e., in general
n”(zt) — 22t—1

elementary operations.

Table 1 contains the values of n(2%), n'(2%)
and n'(2%) for t=1,2, ...,6. As can be seen from
the table, the K(2, n), model built in accordance with
[58] should be used for values of t<3, which
corresponds to systems (subsystems) with 8 or fewer
processors. When applying the above additional
simplification, the complexity of both models for
t=3 (n=28) turns out to be the same. At the same
time, as experiments show, without such a
simplification, the auxiliary model built in
accordance with [58] gives a lower complexity for
values of n <10 (Table 2).

Table 1. Estimating the complexity of edge
functions of GL-models of 1-/2-fault-tolerant n-
processor systems

t n Y | n'2H | n"(2H
1 2 6 4 2

2 4 16 12 8

3 8 40 32 32
4 16 96 80 128
5 32 224 192 512
6 64 512 448 2048

Source: compiled by the authors
EXAMPLES

Example 1. Let us build a GL-model of a
system containing 8 processors and is resistant to
any 1 failure, and if the 1st and simultaneously the
2nd or 3rd processors (at least one of them) are

functional, then to 2 failures. The following
condition is satisfied by the Boolean expression
¢ = x1(x;Vx3).

Table 2. The complexity of edge functions of
GL-models of 1-/2-fault-tolerant n-processor
systems, calculated experimentally

Complexity of the edge functions
of the model
An auxiliary An auxiliary
n . .
model in model in
accordance with | accordance with
the [59] the [58]
9 47 45
10 54 50
11 61 66
12 68 72
13 75 91
14 82 98
15 89 120

Source: compiled by the authors

When used as an auxiliary GL-model built in
accordance with [58], as shown above, a model
(denoted KW) based on a cyclic graph with 8 edges
and the following edge functions will be obtained:

fl(l) = X1 V CX3X3Xy;
fz(l) = Xy V CX3X4X5;
f3(1) = X3 V CX4XcXg;
f4(1) = X4 V CX5XgX7;
f5(1) = X5 V CXgX7Xg;
fs(l) = Xg V CX7XgXq;
f7(1) = X7V CXgX1X3;
fg(l) = Xg V CX1XX3.

It is easy to see that the expressions of the edge
functions of the K® model contain a total of 8
disjunctions and 24 conjunctions (without taking
into account the complexity of calculating the value
of the expression c, which we consider to be
calculated in advance), or a total of 32 elementary
operations. This corresponds to the value of
77”(23) — 22-3—1 — 25 = 32.

Now let us construct an auxiliary model K(2, 8)
according to [59]. It will contain 7 edges with the
following edge functions:

g1 = X1V Xg;
g2 = X1X V X3Xy;
g3 = X3V Xy;
ga = X1XX3X4 V X5XeX7Xg;
gs = X5 V Xg;
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9e = X5Xg V X7Xg;
g7 = x7 Vv x8.

Also, as was shown in [60] we supplement this
model with an edge with an additional trivial edge
function

gg = 1

The model (denoted as K@) of the system under
consideration, thus, according to [59] will be based
on a cyclic graph with 8 edges and the following
edge functions:

@ _ = — = .
1 =CxyVegy = Cxg Velxg Vaxy);

fz(Z) = CXa V €y = Cxz V C(X1X7 V X3X4);
f3(2) =Cx3Vcgs = Cx3Vc(xsVxy);
f4(2) =CxX4 Vs =
= Cxy V €(X1X2X3X4 V X5X6X7Xg);

5(2) = CxsVcgs = Cx5 V c(x5 V x4);
£ = exg V cge = Cxe V c(xsxe V X7 Xg);
£ = ex; Vegy = ex, V(s V xg);
fP =cxgVegg =xgVe=x Ve

As you can see, the edge functions of the K@
model, contain a total of 15 disjunctions and 24
conjunctions. In addition, you need to perform one
operation to invert the value of the expression c. Thus,
a total of 40 elementary logical operations must be
performed, which corresponds to the above expression
n(23) =23t1+3.23 =16+ 3-8 = 40.

If we further simplify the expressions of the
edge functions of the model (thus obtaining the K®
model), they will take the following form:

fl(g) =X, VCXy;
f2(3) = Cxy V c(x1X3 V X3X4);
f3(3) = X1V CXy;
f4(2) = Cx5 V c(X1X3X3X4 V X5XgX7Xg);
f5(3) = X5 V CXg;
f6(3) = Cxg V c(X5Xg V X7Xg);
f7(3) = Xy V CXg;
f8(3) =x, Vc.
The expressions of the edge functions of the
K® model contain 11 disjunctions, 20 conjunctions,
and 1 inversion, which gives a total of 32 elementary
operations. This corresponds to the meaning of the
expressionn’(23) =23-(3+1)=8-4 = 32.
All of the above models are based on cyclic
graphs and differ only in the expressions of the edge

functions. As can be seen, the overall complexity of
the edge functions in the K& and K® models is the

same, and the K@ model is more complex than the
previous ones, which corresponds to the values
given in Table 1.Experiments show that all 3 models
K®, K@ and K® show the system's operable state on
all vectors with no more than 1 zero, as well as on
20 vectors with 2 zeros, shown in Table 3. As you
can see, vectors with numbers 1...10 correspond to
all possible situations when there are 2 failures in the
system, and the 1st, 2nd and 3rd processors are in
good condition; vectors with numbers 11...15
correspond to all possible situations when there are 2
failures in the system, with the 1st and 2nd
processors being serviceable and the 3rd processor
being faulty; and vectors 16...20 correspond to all
possible situations when there are 2 failures in the
system, with the 1st and 3rd processors being
serviceable and the 2nd processor being faulty.
Thus, the model really reflects the system's
resilience to two failures only and only in situations
where the condition «the 1st and simultaneously the
2nd or 3rd processors are serviceable’ is met».

It is also worth noting that although the models
show the same behavior of the system in the failure
flow, some vectors lose a different number of edges.
For example, on vectors numbered 4, 12, and 18 in
Table 3, models K@ and K® lose one edge each,
while model K® does not lose any edges.

Example 2. Let us build a GL-model of a
system containing 10 processors that is resilient to
any 1 failure, and under some condition (which
corresponds to the Boolean expression c), to 2
failures. The specific type of Boolean expression c is
not important in this example.

Let us build a GL-model of such a system,
using the K(2, 10), model built in accordance with
[58] as an auxiliary model. The resulting K model
will be based on a cyclic graph with 10 edges, which
will be represented by the following edge functions:

f1(1) = X1 V CXX3X4Xs5;
fz(l) = X5 V CX3X4X5Xg;
f3(1) = X3 V CX4X5XgX7;
f4(1) = X, V CX5XgX7Xg;

5(1) = X5 V CXgX7XgXo;
fe(l) = Xg V CX7XgX9X10;
f7(1) = X7 V CXgXgX10%X1;
fg(l) = Xg V CXgX10X1X7;
fg(l) = Xg V CX19X1X2X3;

10 = X10 chlx2x3X4.
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Table 3. The number of edges that the model
loses on blocked vectors with 2 zeros

System Number of lost edges of
No. | state vector the model
K® K@ K®)
1 11111100 1 1 1
2 11111010 1 1 1
3 11110110 1 1 1
4 11101110 0 1 1
5 11111001 1 1 1
6 11110101 1 1 1
7 11101101 1 1 1
8 11110011 1 1 1
9 11101011 1 1 1
10 11100111 1 1 1
11 11011110 1 1 1
12 11011101 0 1 1
13 11011011 1 1 1
14 11010111 1 1 1
15 11001111 1 1 1
16 10111110 1 1 1
17 10111101 1 1 1
18 10111011 0 1 1
19 10110111 1 1 1
20 10101111 1 1 1

Source: compiled by the authors

The edge functions of the K& model contain 10
disjunctions and 40 conjunctions, i.e., a total of 50
elementary operations, which corresponds to the
value in Table 2.

The K@ model of the same system, which uses
the K(2,10), model as an auxiliary model,
constructed in accordance with [59] will also be
based on a cyclic graph with 10 edges and the
following edge functions:

@
1
(2)
2

=Cx; Vclxy Vxy);

= Cxy V(X125 V X3);

f3(2) = Cx3 V c(X1XpX3 V X4X5);
f4(2) = Cxq V (X4 V X5);

2 _ = .
fo™ = x5 V c(X1X3X3X4X5 V X6X7XgX9X10);
2

6

()
7

=Cxg V c(xg V x7);
= Cx7 V c(xgx7 V Xg);
fs(z) = Cxg V c(xgX7Xxg V X9X10);
fg(z) = Cxq V c(Xxq V X10);
fl(oz) =2xq9VC.
The edge functions of the model contain 19

disjunctions, 34 conjunctions, and 1 inversion,
which total 54 elementary logical operations. This

also corresponds to the value given in Table 2.

After simplifying the expressions of the edge
functions of the K@ model, we obtain the K& model
with the following edge functions:

f1(3) =1V CXy;

2(3) = Cx, Vc(x1Xy V X3);

f3(3) = Cx3 V c(X1X2X3 V X4Xs5);
f4.(3) = X4 V CX5;
3 _
fs( ) = Cxg V C(X1X2X3X4X5 V XX7XgX9X10);

fe(S) = Xe V CX7;

7(3) = Cx; V c(xgxy V Xxg);

3 _
f8( ) =CxgV C(XGX7x8 \ ngl());
ﬁ)(3) = Xgq V CX1p;
f1(03) = X0V C.

As can be seen, the edge functions of the K®
model contain 15 disjunctions, 30 conjunctions and
1 inversion, i.e., 46 elementary logical operations in
total. Given that all models are based on the same
cyclic graphs with 10 edges, we can conclude that
the complexity of model K® is lower than that of
model K®, but the complexity of model K@ is
higher than that of model K®. Note also that, as can
be seen in Table 2, the complexity of the K@ model
would also be lower than the complexity of the K
model, if the system contained 11 or more
Processors.

It is also worth noting that this study does not
analyze, in general, additional possibilities for
simplifying the expressions of the edge functions of
the resulting system, which can be achieved, in
particular, by rearranging the edges of the auxiliary
models. Thus, for example, as a result of the
appropriate rearrangement of the edges of the
auxiliary model K(2,10), the model K® could
contain the following edge functions:

f1(4) =Cx; Ve(xg V),
f2(4) = Cxy V C(X1X2X3 V X4X5);
f3(4) = Cx3 Vc(x1xy V X3);
f4(4) = Cxy Vc(xy V x5);
f5(4) = Cxg V c(X1X3X3X4X5 V XgX7XgX9X10);
f6(4) = Cxg V c(xg V Xx7);
f7(4) = Cx7 V c(XgX7Xg V X9X10);
f8(4) = Cxg V c(xgxy V Xxg);
f9(4) = Cxq V c(Xg V X19);

4
fl(()) = x10 Vc.
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It is easy to see that the total complexity of the
expressions of the edge functions of the K® model
does not differ from the total complexity of the
expressions of the edge functions of the K@ model.
However, by simplifying the expressions of the edge
functions of the K® model, we can obtain the K®
model with the following edge functions:

fl(s) =x; VCXy;
fz(s) = Cxy V c(x1XX3 V X4 X5);
f3(5) = X3V CX1Xp;
f4(5) = X4 V CX5;
fs(s) = Cx5 V ¢(X1X2X3X4X5 V XX7XgX9X10);
fs(S) = Xg V CX7;

5 _
f7( ) =Ccx; V C(X6X7x8 \ X9X10);

10 =x10VC.

The edge functions of the K& model contain 13
disjunctions, 28 conjunctions, and 1 inversion, i.e., a
total of 42 elementary operations. Thus, the
complexity of the K& model is even lower than that
of the K® model.

Example 3. Let us build a GL-model of a
system containing 7 processors and resilient to any 1
failure, and under some condition (which
corresponds to the Boolean expression c), to 2
failures.

GL-model K® of this system, when used as an
auxiliary model K(2, 7), constructed in accordance
with [58], will be based on a cyclic graph with 10
edges with the following edge functions:

fl(l) = X1V CX2X3Xy;

fz(l) = Xy V CX3X4Xs;

f3(1) = X3V CX4Xs5X6;

f4(1) = Xg V CX5XpX7;

f5(1) = X5 V CXgX7X1;

fe(l) = Xg V CX7X1X5;

f7(1) = Xy V CX1X3X3.
If the K(2, 7), model constructed in accordance
with [59], is used as an auxiliary model, then a K@

model based on a cyclic graph with 7 edges and the
following edge functions will be obtained:

1(2) =Cx; Vc(xy Vxy);

fz(z) = Cxy V c(X1X3 V X3X4);
f3(2) = Cx3 V(X3 V xy);

f4(2) — (,TX4_ vV C(X1X2X3x4 \ x5x6x7):

5(2) = Cx5 V c(x5 V x¢);

fé(z) = Cxg V c(Xsxg V X7);
f7(2) =x, Vc.

The model K® obtained by simplifying the
expressions of the edge functions of the model K@
will have the following edge functions:

]‘1(3) = X1V CXyp;
f2(3) = Cx V c(X1X2 V X3X4);
f3(3) = X3 V CXy;
f4(3) = Cx4q V C(X1X2X3X4 V X5X6X7);
fi¥ = x5V cxe;
f6(3) = Cxg V C(x5X6 V X7);
f7(3) = X7 Vc.
If we change the order of the edge functions

when constructing the K@, model, we can obtain the
K® model with the following edge functions:

1(4) =Cxy Vec(xyVxy);

f2(4) = Cxy V c(x1X2 V X3%X,);
f3(4) = Cx3 V c(x3V xy);
f4(4) = Cxy V c(X1X3X3X4 V X5XgX7);
f5(4) = Cxs V c(x5 V Xg);
f6(4) =X VG
f7(4) = Cx7 V c(x5xg V X7).

Further, as a result of simplifying the
expressions of the edge functions of model K® we
obtain model K®, which contains the following edge
functions:

fl(s) =x; VCXy;
fz(S) = Cxy V c(x1X2 V X3%X,);
f3(5) = X3V CXy;
f4(5) = x4 V C(X1XX3X4 V X5X6X7);
£ = x5V cxg;
6(5) = x6 V C,
f7(5) = X7 V CX5Xg.

All of the above models are based on the same
cyclic graphs with 7 edges and differ only in the
expressions of the edge functions. The complexity of
the expressions of these edge functions is given in
Table 4. As can be seen, the K@ model is, as
expected, more complex than the K& model, and the
K® — model is at least as complex as it is. However,
the model K® obtained as a result of additional

simplifications is still somewhat simpler than model
KW,
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Table 4. Number of logical operations in the
expressions of edge functions of GL-models from
Example 3

Logical Model
operations | KO | K@ | K& | K& | KO
Disjunctions 7 13 | 10 | 13 9
Conjunctions | 21 | 20 | 17 | 20 | 16
Inversions 0 1 1 1 1
Overall 28 | 34 | 28 | 34 | 26

Source: compiled by the authors
CONCLUSIONS

This paper considers the application of the
method described in [60] to build GL-models of
FTMS that are resistant to the failure of any one of
their processors, and, under certain conditions, to the
failure of two of their processors. In this case, both
models built in accordance with [59], and models
built in accordance with [58] can be used as
auxiliary models. The resulting GL-models are
based on identical cyclic graphs with n edges, where
n — is the number of processors in the system.

The expressions for estimating the complexity
of expressions of edge functions of models
constructed by each of the methods are obtained, in
particular for cases when the number of processors is
a power of two.

Experiments were conducted involving the
explicit construction of GL models using the methods
discussed in the paper, followed by the calculation of
the number of operations in the expressions of their
edge functions. The results confirm the analytically
derived complexity estimates.

It is shown that the use of models constructed in
accordance with [58] is appropriate if the number of

processors is no more than 10, and when using an
additional simplification of the expressions of edge
functions — if it does not exceed 8. However, in
some cases, other simplifications are possible that
allow achieving lower model complexity when using
models built in accordance with [59], as auxiliary
models, which can be investigated in more detail in
the future.

In addition, GL-models built in different ways
differ in the ratio between the numbers of logical
operations of different types (conjunctions,
disjunctions) used in the expressions of their edge
functions, which may also be important sometimes.
When used as auxiliary models constructed in
accordance with [58] all expressions of the model's
edge functions have the same structure, unlike in the
case of using models constructed in accordance with
[59]. This can be important, for example, when
implementing parallel calculation of such values.

The experiments show that all the constructed
GL-models adequately reflect the behavior of the
system in the fault flow. However, the models built
with the use of auxiliary models constructed in
accordance with [58] on some vectors may lose a
smaller number of edges compared to the case when
the auxiliary models are constructed in accordance
with [59]. This property can be important, in
particular, if additional modifications of the built
GL-model are planned.

It is also worth noting that the models
constructed by the methods described above can be
used not only independently, but also as
components/auxiliary models for building models of
more complex systems, for example [61, 62].
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AHOTALIIS

Poboty mpucesyeHo mpobmemi moOymoBu GL-mozenell mMOBEOiHKM B TOTONI BiIMOB HE0A30BHX BiIMOBOCTIHKHX
0araTonponecoOpHNX CUCTEM. PO3IISIAIOTECS CUCTEMH, SKi € CTIKUMH IO OyIb-sIKOI O/IHi€l BiIMOBH, a 3a MEBHOI YMOBH — 10 OyIb-
SIKHX JTBOX Bi]MOB CBOiX mporiecopiB. [Ipu 1ipoMy nependadaeThes, 10 Takii yMOBI BiMOBiIae neskuii OyaeBuil BUpas, 0 3aJICKUTh
BiJl CTaHiB MpoIecopiB cucTeMu. Jlst moOYyA0BH MOJENeH TaKUX CHCTEM 3aCTOCOBYETHCS 3alPOMOHOBAHHIA paHille CrociO, sKuii
OazyeTbcsi Ha KOMOiIHYBaHHI BHpa3iB pebepHMX OQYHKUiH nonmomikHuX O0azoBux GL-mopeneif, mo BimnoBimaiote 1- Ta 2-
BIZIMOBOCTIHKMM cucTeMaM. PO3rIsiIaeThes [Ba albTEePHATHBHUX CIIOCOOM moOymoBu nomoMikaux moxeneir K(2, n). Tlokasano, mo
orpumani GL-mozmeni 6a3yroTeCs Ha OJHAKOBHX IUKIIYHHUX Tpadax, i BIIPI3HAIOTHCS JIMIIE BHPa3aMU CBOIX peOepHHX (YHKILIH.
BukoHaHo aHaii3 CKIamHOCTI BHpa3iB pedepHMX (YHKLI OTpHMaHHX MOZENEH, ULl BUIAJKIB BUKOPHUCTaHHS NOMOMDKHHX GL-
Mozernel koxkHoro tumy. Otpumano GpopMysH Ui OLIHKK CKJIAJHOCTI IIMX BUpa3iB (KITBKOCTI €leMEHTApHUX JIOTIYHUX orepariii) B
3aJIeKHOCTI Bifl KIIBKOCTI TPOLIECOPIiB B CUCTEMI, 30KpeMa, [UIsl BUMA/IKIB, KOJIH I KUIBKICTh € CTyNeHeM ABiiiku. Takox, A1 BUNaaKy
BUKOPHCTAHHS OJHIET 3 MOMOMDKHHMX MOJENCH, BHSBICHO MOKJIMBICTH JOJATKOBOTO CIPOINCHHS BHPa3iB OSIKHX 13 peOepHHX
¢yHKIii. BuzHaueHo, B SKUX BUIAAKaX, a caMe, Ul SKOi KiJTBKOCTI MPOIECOPIB CHCTEMH, IOIIHPHO BHKOPHUCTOBYBATH JTOMOMIKHI
MOZIeNi TOTO UM iHIIOTO THIy. IIpoBeleHi eKCIepUMEeHTH MiATBEepKYIOTh, 0 NoOymoBaHi po3rmiHyTuM crnocobom GL-mogeni
aJIeKBaTHO BiZOOPaXAIOTh MOBEAIHKY CHUCTeMH. HaBeleHO MpUKIagu, MO0 JEMOHCTPYIOTh 3aCTOCYBAHHS PO3TJBIHYTOTO CIIOCOOY
noOynoBu Heba3zoBux GL-mopeneil Ta MHiATBEp/DKYIOTh KOPEKTHICTh OLIHKHM CKIAIHOCTI BHpa3iB X pebepHHMX OGYHKUIH mnpH
BUKOPHUCTAaHHI JOMIOMDKHHMX Mojeneil pisHux tumiB. [loka3aHO TakoXk, L0 B ACIKHX BHIAJKAaX iCHYE MOJMIIMBICTH IOJAaTKOBOTO
CHpoIleHHs BupasiB pedepHux ¢yHkiii GL-Monereil, mo OyayroThCs, 30KpeMa 3a paxyHOK 3MiHH MOPSAKY pedep y JOMOMiIKHHX
mozesix. [IpoTe, B paMkax JaHOI CTATTI [F0 MOYKIIUBICTD He TOCIIDKEHO B 3araIbHOMY BHIIAJIKY.

Knrwuoei cnosa: BIIMOBOCTIHKICTB; 0araTonpoliecopHi CHCTEMH; OMiHKa HamiiHocTi; GL-mozenmi; He0a30Bi cHCTeMH;
uuKTivHui rpad; pedepHi QyHKIiT
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