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ABSTRACT

Relevance. The article proposes a new approach to the construction and analysis of chaotic dynamical systems based on
distance-based state variables. In contrast to traditional state-space models, where the state of the system is described directly by
coordinate variables, the proposed method represents the system using distances between the current state and a set of predefined
reference (base) points. These base points can remain fixed in space or move along given trajectories. Such a geometric
representation of the system state offers additional flexibility for modeling nonlinear dynamics and allows the construction of new
types of chaotic behavior. Purpose and objectives. In this framework, the evolution of the system is described in terms of distances
to selected base points, rather than through initial coordinates. This transformation generalizes traditional state-space descriptions and
allows the developer to influence the structure of the dynamics by choosing the number, configuration, and movement of the
reference points. As a result, the proposed formulation provides a convenient way to introduce additional nonlinear interactions into
the system while maintaining a clear geometric interpretation. Methods. To demonstrate the proposed approach, the Duffing
pendulum is used as a representative example. The classical Duffing oscillator is a well-known nonlinear system that can exhibit
periodic, quasi-periodic, and chaotic oscillations. In this work, the Duffing dynamics is reformulated using distance-based variables
defined with respect to several reference points. Two scenarios are considered: systems with fixed reference points and systems
where the reference points move in time. In the latter case, the motion of the reference points can be periodic or chaotic, which
further enriches the behavior of the system as a whole. Both continuous and discrete formulations of the model are developed. The
continuous representation allows for the analysis of theoretical properties of the system, while the discrete version is well suited for
numerical simulation and implementation on digital platforms and embedded devices. Results. Numerical experiments show that the
modified systems reproduce the main qualitative features of the classical Duffing oscillator, as well as create new types of attractors.
In particular, the models can generate unipolar and more complex multidimensional chaotic attractors. Conclusions. These results
indicate that distance-based observability equations can serve as an effective tool for the design of new chaotic systems. The
proposed approach can be useful in applications such as secure communication, parallel generation of chaotic signals, and the study
of complex nonlinear dynamics.
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attractors
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1. INTRODUCTION include dense urban infrastructure, uncertain
meteorological ~ conditions, and  dynamically
changing obstacles [4], [5], [6]. In such scenarios,
trajectory planning algorithms must ensure not only
feasibility of the flight path but also robustness,
adaptability, and safety under unpredictable
disturbances [7], [8], [9].

The importance of this problem continues to

The rapid development of unmanned aerial
vehicles (UAVs) and advanced air transportation
technologies has significantly increased the demand
for reliable trajectory planning algorithms [1], [2],
[3]. Modern UAV systems are expected to operate
autonomously in complex environments that may

grow as UAVs become widely used in applications
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emergency response, surveillance, and urban air
mobility. In many of these missions, UAVs must
navigate through environments that are highly
constrained and subject to uncertain external
influences such as turbulent wind fields, sensor
noise, and unmodeled aerodynamic effects.
Consequently, trajectory planning methods must be
capable of generating flexible flight paths that can
adapt to disturbances while satisfying strict safety
and operational constraints. Most existing trajectory
planning  techniques rely on  deterministic
optimization and classical control theory.

In such approaches, the trajectory is typically
obtained by minimizing a predefined cost function
subject to kinematic and dynamic constraints. These
methods perform well in structured environments
with  predictable dynamics; however, their
effectiveness may decrease in highly dynamic and
uncertain conditions. In particular, deterministic
planners may struggle to maintain performance
when the UAV encounters complex disturbances,

rapidly changing obstacles, or incomplete
environmental information [10], [11], [12]. To
address these limitations, researchers have

increasingly explored nonlinear dynamics and
chaotic systems as alternative tools for trajectory
generation [13], [14], [15].

Chaotic systems possess several properties that
make them attractive for such applications. Although
deterministic, they are capable of generating
complex aperiodic trajectories with strong sensitivity
to initial conditions. This property enables the
creation of non-repetitive motion patterns that can
improve obstacle avoidance and reduce trajectory
predictability in complex environments [16], [17],
[18].

Classical nonlinear oscillators such as Duffing
oscillators and Chua’s circuits have been
investigated as potential generators of chaotic
trajectories. These systems can produce rich
dynamical behavior using relatively simple
mathematical models and have been successfully
applied to synchronization problems and inverse
dynamic control tasks [20].

In addition, modern embedded computing
platforms, including microcontrollers (MCUs),
digital signal processors (DSPs), and field-
programmable gate arrays (FPGAs), make it
possible to implement chaotic dynamical systems
directly in digital form [21], [22], [23]. Such

computation of nonlinear dynamics for UAV control
applications.

Despite these advances, most existing studies
rely on a limited set of classical chaotic oscillators
whose structure was originally developed for
theoretical analysis rather than for trajectory
generation problems. As a result, the design of
chaotic trajectory generators remains largely
constrained by the properties of these predefined
systems.

Systematic methods for constructing new
chaotic dynamical models that can be adapted to
specific trajectory planning tasks are still relatively
underdeveloped.

For example, the use of geometric relations
between system states and spatial reference points
for constructing chaotic systems has received little
attention. Such geometric formulations could
potentially provide additional flexibility for
trajectory generation and allow chaotic dynamics to
be tailored to the spatial constraints typical of UAV
missions.

Therefore, a research gap exists in the
development of constructive approaches that enable
the systematic synthesis of chaotic dynamical
systems specifically designed for trajectory
generation and  compatible  with  digital
implementation platforms. To address this gap, this
paper proposes a new framework for constructing
chaotic systems based on distance-based state
variables and geometric relations between system
trajectories and reference points. This formulation
allows classical nonlinear oscillators to be extended
and transformed into trajectory generators with
controllable dynamical properties and to generate
new classes of chaotic attractors suitable for
trajectory planning applications.

The main contributions of this work can be
summarized as follows:

ea geometric framework for constructing
chaotic dynamical systems using distance-based
state variables and reference points is proposed;

ea formulation of second-order dynamical
systems in triangular coordinates is developed and
generalized to arbitrary dynamical systems defined
in generalized phase-space representations;

e discrete-time models suitable for numerical
simulation and digital implementation on embedded
platforms are derived,;

enew chaotic systems based on the Duffing

implementations  support  both  fixed-point and  oscillator are constructed for the cases of both fixed
floating-point  arithmetic and enable real-time  and moving reference points;
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ethe dynamical properties of the proposed
systems are investigated through numerical
simulations, demonstrating the emergence of new
types of chaotic attractors that can be used for
trajectory generation.

To the best of our knowledge, the use of
distance-based state representations for systematic
construction of chaotic dynamical systems intended
for UAV trajectory generation has not been
previously investigated in the literature.

The proposed approach therefore provides a
new perspective on the design of chaotic trajectory
generators and opens additional possibilities for the
synthesis of complex nonlinear motion patterns in
autonomous aerial systems.

2. LITERATURE REVIEW AND PROBLEM
STATEMENT

Trajectory planning for unmanned aerial
vehicles has been widely studied in recent decades,
and a large number of approaches have been
proposed to address the challenges associated with
autonomous navigation in complex environments.
Most classical methods rely on deterministic
optimization and control theory, where the trajectory
is generated by minimizing a predefined cost
function subject to Kkinematic and dynamic
constraints [24], [25], [26]. Such approaches
typically provide reliable solutions in structured
environments with well-defined constraints.

However, their performance may degrade when
UAVs operate in highly dynamic or uncertain
conditions, where disturbances and environmental
changes cannot be accurately predicted in advance.

One important research direction focuses on
probabilistic and stochastic trajectory planning
methods. These approaches incorporate uncertainty
directly into the planning process by modeling
environmental disturbances and sensor noise using
probabilistic frameworks [27], [28]. Probabilistic
planners can improve robustness by accounting for
uncertain  obstacle positions or atmospheric
disturbances. Nevertheless, such methods often
require accurate statistical models of the
environment and may become computationally
demanding when the dimensionality of the planning
problem increases.

Another active area of research involves the
application of machine learning and data-driven
techniques to UAV trajectory generation. Neural
networks, reinforcement learning algorithms, and
predictive models can assist in estimating
environmental states and selecting appropriate
control actions [29], [30], [31].

These approaches can significantly improve
adaptability and enable UAV systems to operate
autonomously in previously unseen environments.
However, machine learning methods often require
large training datasets and may exhibit limited
interpretability. In addition, ensuring safety and
stability guarantees for data-driven trajectory
generators remains a challenging problem.

In parallel with these developments, nonlinear
dynamics and chaotic systems have been
investigated as alternative tools for trajectory
generation and motion control [32], [33], [34].
Chaotic systems possess several properties that
make them attractive for trajectory planning. They
are deterministic but capable of producing complex
aperiodic motion with strong sensitivity to initial
conditions. As a result, chaotic trajectories can
provide natural variability and unpredictability,
which may improve obstacle avoidance and reduce
trajectory predictability in hostile environments [35],
[36], [37].

Several classical nonlinear oscillators, including
Duffing oscillators and Chua's circuits, have been
explored as generators of chaotic motion patterns.
These systems allow complex trajectories to be
generated using relatively simple mathematical
models. For instance, interval-based Duffing
oscillators have been used to generate chaotic
trajectories and to solve inverse dynamic problems
associated with UAV control [38].

Despite these promising results, most existing
studies focus on the use of predefined chaotic
systems rather than on systematic methods for
constructing new chaotic models tailored to specific
trajectory planning tasks.

Another emerging direction involves hybrid
methods that combine chaotic dynamics with
optimization algorithms. In these approaches chaotic
systems generate candidate trajectories, while
metaheuristic optimization techniques refine them to
satisfy mission constraints. Examples include
particle swarm optimization, whale optimization
algorithms, and other population-based search
methods [39], [40], [41]. Although these hybrid
techniques can improve trajectory diversity and
exploration  capability, they often increase
computational complexity and may require careful
parameter tuning. At the same time, practical
implementation issues must also be considered.

Modern UAV control systems typically rely on
embedded digital platforms such as
microcontrollers, digital signal processors, and field-
programmable gate arrays [42], [43], [44]. These
platforms allow nonlinear dynamical models to be
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implemented directly in digital form, which
simplifies the integration of chaotic trajectory
generators into real-time control systems. However,
many existing chaotic models were originally
designed for theoretical analysis or analog circuit
implementations and may not be well suited for
efficient digital realization.

Despite the considerable progress achieved in
the areas discussed above, several important
challenges remain unresolved. In particular, there is
still a lack of systematic methods for constructing
chaotic dynamical systems specifically tailored for
trajectory generation problems. Most studies rely on
a limited set of well-known chaotic oscillators, and
the possibility of designing new chaotic models with
controllable geometric properties has received
relatively little attention. Furthermore, existing
approaches often do not explicitly exploit geometric
relationships between the system state and spatial
reference points, which could provide additional
flexibility for trajectory generation in constrained
environments.

3. RESEARCH AIM AND OBJECTIVES

The aim of this research is to develop and
investigate a novel approach for constructing chaotic
dynamical systems suitable for trajectory generation
in unmanned aerial vehicles operating in complex and
uncertain environments. The proposed approach is
based on distance-based representations of system
states and geometric relationships between the system
trajectory and a set of reference points.

Such a formulation is intended to provide a
flexible framework for generating complex and non-
repetitive trajectories while remaining compatible
with digital implementation on modern computational
platforms used in UAV control systems.

The research is also aimed at demonstrating that
chaotic systems constructed using the proposed
methodology can extend classical nonlinear models
and produce a wider variety of attractor structures that
may be useful for trajectory planning tasks.

In particular, the study focuses on the
modification of well-known nonlinear oscillators and
their transformation into trajectory generators capable
of operating under mission-specific constraints and
environmental disturbances.

To achieve this aim, the following objectives are
addressed:

1) to analyze existing approaches to UAV
trajectory planning based on nonlinear and chaotic
dynamical systems;

2) to develop a mathematical framework for
constructing chaotic dynamical systems using

distance-based state variables and geometric relations
between system states and reference points;

3) to formulate dynamical models of second-
order systems in triangular coordinates and extend
these  models to generalized phase-space
representations;

4) to derive discrete-time formulations of the
proposed systems suitable for numerical simulation
and digital implementation on embedded platforms;

5) to construct chaotic trajectory generators
based on the Duffing oscillator for both fixed and
moving reference points;

6) to investigate the dynamical properties of the
proposed systems and analyze the resulting attractor
structures using numerical simulations.

4. METHODOLOGY

41. The Generalized Second-Order
Dynamical System in Triangular Coordinates on
the System Phase Plane

We consider a generalized second-order
controllable time-dependent dynamical system
described by

¥y = fi(Y5 Yo, U,t),
Y, = F(Y1: ¥ouUsst), Y4(0) = Yo

where t represents the system operating time, vy,
and y, are state variables with initial values vy,,, u,
and u, are control inputs, and f,(), f,() define the

system structure.

The solutions of (1) can be studied in several
ways. The standard approach is to integrate the
system over time to obtain the trajectories y,(t).

Such signals can be generated and utilized in
applications requiring dynamic response analysis or
signal synthesis. However, because these trajectories
are derived from nonlinear differential equations,
tasks such as stability analysis or trajectory design
can become challenging. Understanding these
solutions is crucial for designing systems with
specific dynamical properties.

A common technique is to divide the first
equation by the second, yielding the phase-plane
representation

%: fl(yl'yZ’ullt). (2)
dy, (¥, YU, 1)

(1)

Unlike (1), this equation defines the system’s
phase portrait directly in the (y,,y,) plane, without

the need for time integration (Fig. 1).
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Fig 1. Example of the system’s phase portrait
Source: compiled by the authors

We define three base points A =(y,,Y,;) in the

plane @ and denote a representative point
P=(y,y,) corresponding to the system’s current
state. While Cartesian coordinates describe P using
projections onto the axes, it is often convenient to
represent its position by distances to the base points:

di2 = (yli - y1)2 +(y2i - yz)zv i 6[1,3]. (3)

From a control-theoretic perspective, (3) can be
interpreted as nonlinear observability equations
associated with (1). Combining (1) and (3) yields

Y1 = fl(y1’y2’ul't)1
Yo = f,(Y1, Y2, U, 1), yj(o) =VYior iely2], 4
di2 = (yli - yl)z +(y2i - yz)za ie [113]-

Accurate determination of the representative
point requires the distances to all three base points.
This approach allows the generation of more output
variables than the number of state variables. Adding
a new base point A, introduces a new output d,,

with the restriction
Vi +Ya; % Ya + s, i€[0n], (5)

where n is the number of existing base points.

We claim that there are no any rules to select
the number and position of base points from
theoretical viewpoint excluding strong requirement
that base points must not be placed in the same line.
We believe that points’ selection in random way
increases system secured features. At the same time,
from practical viewpoint triangle or other more
complex figure which is defined by the base points
should not have small angles between figure’s sides
to obtain correct calculation results caused by finite
precession of calculation units.

Increasing the number of outputs enables the
construction of a multichannel system that can
generate a variety of motion trajectories based on

nonlinear combinations of state variables and base-
point coordinates. These trajectories can be
computed by solving (1) and substituting the results
into (3), making the method suitable for
implementation on MCU, FPGA, or SoC platforms.

A limitation of this approach is that it results in
differential-algebraic equations for the system
dynamics, which require specialized analysis
methods. To overcome this, we consider the inverse
dynamic problem, expressing the motion directly in
terms of distances to the base points.

Solving (3) for the coordinates of the
representative point gives

Yi= f11d12 + 1:12(:122 + f13ds2 + 1. 6)
Y2 = f21dl2 + 1:22d22 + fzsda2 + 1,
8 = 2((Y13 —Y12)Yor + (Vi = Y1) Voo + (Yo — Yu)yzs);
8, = (Yoo = You) Var + (Vs = Yo = Vi + ¥30) Yor +
+Y5Yos + (Vi = Vis = V25) Voo + Yos (Y12 = Yir): (7
8, = (Yis = Y1) Vi1 + (Vi = Vs + Y35 = V3a) Yur —
~YioYas + (V55 = Va1 + ¥35) Yio = Yas (V2o = Y3u);
bu = Yoz = Y212 = Yor — Yoss b13 =Y — Yo
Do = Yio = Yisize = Yis = Yuai Bss = Vi — Yo
fu =0y /8y i =b, /a5 Ty = fag) =2, /8]
fu =bnlag Ty =0y, 180 T =by /8y T, =8, /8]
Substituting (6) into (1) gives

911(d11d2!d3! yij) = glz(dl’dZ’dS’ul’t’ yij)!
921(d17d2'd37yij) =0,(d;,d,,d;, U, t, yij)v (8)
d,(0)=d,, i, je[1,3]

These equations can be rewritten in standard
first-order form:

d, = h(d;,d,,d;,u;,u,,t, ),
d, =h,(d,,d,,dy Uy, Uyt Y,),  (9)
dy = hy(d,,d,, dy,up,u,,t, ),

where h(-) are nonlinear functions.
One way to define h(-) is to minimize the norm

d

1_. ] ) -
IzdeP2—>m|n, d=|d,|, (10)

d,

subject to the constraints
G = gll(d! yij) —gp(d,u,t, yij) =0,

. (11)
C, = 0,(d, yij) —0,(d,u,t, yij) =0.
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The Lagrange equations
V,L =d+A4Vc(d)+ 4, Ve,(d),

1l (12)
L(d 4, 4) =2 d d+ A4 (d)+Lh,(d),

with 4 as the i-th Lagrange multiplier, allow

computing d, and determining the functions h,(-).
Equations (9) thus describe the motion of the

generalized dynamical system in terms of distances

to the base points A . The order of this system

depends on the number of base points and can
exceed that of the original system.

4.2. The Generalized n-th Order Dynamical
System in M-Angular Coordinates

The approach proposed for multichannel
dynamical system design can be easily generalized
to an n-th order system:

Y =F(Y,U,t), (13)
where the system state vector is
Y=(y Y, V) (14)
the control vector is
U=(u, u, un) (15)
and the vector function is
FO=(L0 £O - f,0), 6)

with f. denoting the i-th component of the system

vector function.

Assume that m base points are defined in the
n-dimensional system phase space. The distances
between each base point and the representative point
can then be expressed as

PA,F= >y, -y ielLnl, jelLm]. (17)

Solving (13) for vy, allows the generalization of
(6) in the form

YZW(din)v Yi :\Ni(djiyij)! (18)

where w,(-) are the components of an n-dimensional

vector function depending on the vector of base
point coordinates Y; and the distance vector d to

the representative point.

d=H(d,Y;,U,t). (19)

Equation (19) describes the system motion
when the base points are fixed. If the base points are
moving, it is necessary to differentiate both
arguments of the function W(-) in (18), while the

derivatives of the components of Y are defined.
This leads to the generalized form

d=H,(d,Y;Y; U1, (20)
where the subscript indicates variable (moving) base
point coordinates.

Thus, equations (19) and (20) can be considered
as the generalized motion equations of a dynamical
system in an -angular coordinate framework,
corresponding to fixed and moving base points,
respectively.

Compared to known chaotic trajectory
generators based on predefined oscillators [9-11],
the proposed approach provides additional flexibility
by allowing the structure of the system to be
modified through geometric relations. Unlike
optimization-based or learning-based planners, the
method does not require iterative training or solving
complex optimization problems, which makes it
computationally efficient and suitable for real-time
applications.

4.3. Discrete-Time Implementation of the
Generalized n-th Order Dynamical System

The motion equations presented above are
defined in the continuous-time domain, allowing the
modeling of the underlying physical processes used
in system design. However, implementing such
systems in hardware typically requires complex
analog devices, such as operational amplifiers,
multipliers, and other components, to perform
continuous-time transformations and calculations.
Due to the inherent schematic complexity of these
analog implementations, modern systems often rely
on digital platforms, such as MCU-, FPGA-, or
DSP-based boards, which can reproduce complex
system dynamics with minimal external circuitry.

To facilitate digital implementation, we adapt
(19) and (20) to the discrete-time domain by
approximating continuous-time derivatives using
finite differences. A wide range of numerical
methods exists for this purpose; in this work, we
consider a general approach that uses the current
value of the differentiated state variable along with
its previous values:

Substituting (18) into (13) yields the following d ~ D(l,z‘l,...,z‘q,T )
m-dimensional system of equations: dt ) (21)
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where z7' is the backward shift operator, and T, is

the sampling interval.
Substituting (21) into (19) and (20) yields

D(,z%,...,z7%T,)d = H(d,Y, U),
D(,z%,...,z7%T,)d=H,(dY,,Y, Ut),

(22)
(23)

which represent discrete-time approximations of the
original continuous-time systems.

Using these discrete-time derivative
approximations, equations (2) and (3) can be
rewritten as recurrent (iterative) equations, allowing
the computation of the current state based on
previous system values:

d=H,(z,d,Y,UtT),
d=H,(z,dY, UtT,),

(24)
(25)

where the operator z~! indicates the use of previous
values of the system state variables.

Equations (24) and (25) provide a
straightforward method for implementing the
designed dynamical system on a variety of digital
platforms.

5. RESEARCH RESULTS

5.1. Differential-Algebraic
Pendulum Model

5.1.1. Duffing Pendulum Model with Fixed
Base Points

Duffing

We apply the proposed approach to design a
novel chaotic system based on the well-known
Duffing equation:

Y= _5Y1 —ay, _IBYE + ]/COS(a)t), (26)
¥1(0) = Vi, ¥1(0) = Yy

The system is simulated with the parameters
0=002, a=1, =5, y=8, =05, y,=1,
and y,, =0.

The choice of parameters such as a, p, and the
sampling step AT significantly affects the system
dynamics. In particular, parameter o controls the
stiffness of the system, while B determines the
degree of nonlinearity. The sampling step AT
influences numerical stability and resolution of the
generated trajectories. The selected values are
parameters of classical well-studied Duffing

exponents as well as other chaotic indicators to
prove the chaotic nature of such modified system.
The simulation results are shown in Fig. 2.
For the simulation, we employ the simplest
finite-difference approximation for derivatives using
backward differences:

g~l—z’1 d_2~1—22’1+z’2
dt z'T, ' dt? 7712

S

., (27)

where z is the backward shift operator and T, is
the sampling period.

Fig. 2. Duffing pendulum motion

Source: compiled by the authors

Fig. 3 shows the pendulum phase portrait,
including the representative point P and the three
base points A =(y,V,). The coordinates of the

base points are chosen as vy, =-1, Yy, =4,
Y, =15, y,=-3, y,=-05, y,,=35.

Fig. 3. Duffing pendulum attractor

Source: compiled by the authors

Based on these base points, the nonlinear
observability equations are defined as

pendulum which exhibits stable chaotic behavior d, = £(y, +1) + (3, - 4",

and clear attractor structures. At the same time, one d. = i\/(y —15)2 1 (Y, +3)?

can use other parameters as well but this using 2 ' ' ' (28)
should be proven by considering pendulum’s d3:i\/(y1+0.4)2+(y1+3.5)2.
bifurcation diagrams and studying its Lyapunov
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Using these observability equations, the system
trajectories and the corresponding attractor are
illustrated in Fig. 4 and Fig. 5.

B[ dig ——day ——dgy -

Fig. 4. Duffing pendulum observed outputs
Source: compiled by the authors

day
iy

dy + 0 2

da+

Fig. 5. Modified Duffing pendulum 3D attractor

Source: compiled by the authors

Analysis of Fig. 3 indicates that representing
the Duffing pendulum with respect to selected base
points generates oscillations that are different from
the original ones but retain a similar waveform.
Notably, the resulting signals are uni-polar instead
of bipolar. The use of the square-root function in
defining the system outputs enables the generation
of uni-polar signals with a desired polarity, which
can be advantageous for communication system
applications. These observations demonstrate that
the proposed approach allows the design of novel
dynamical systems with additional features using
nonlinear observability equations.

An important feature of the proposed approach
is the ability to increase the number of system
outputs. This makes it possible to visualize the
system trajectory in three-dimensional space (Fig. 4)
instead of the conventional two-dimensional plane
(Fig. 2). Such 3D representations can facilitate the
planning of chaotic motions and other applications
that exploit parallel chaotic signal generation.

5.1.2. Duffing Pendulum Model with Moving
Base Points

We now generalize (8) for the case of variable
base point coordinates. In general, base points can
move along arbitrary trajectories; in this study, we
consider only periodic motions, which ensures that
the distances d, remain bounded.

First, we examine the Duffing pendulum with
base points undergoing regular harmonic motions,
described by the second-order differential equations:

X = Xy
. o (29)
X = 0, |X1j I Slgn(xlj)! Xij(o) =Y
where @, is the oscillation frequency of the i-th
base point, and «, is a power factor to generate
nonlinear oscillations.
Simulation results for the Duffing pendulum

with periodically moving base points are shown in
Fig. 6 and Fig. 7, obtained using o, =3+i and

o =01, ie[l,3].

Fig. 6. Oscillations in the Duffing pendulum

with moving base points
Source: compiled by the authors
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Fig. 7. Modified Duffing pendulum 3D
attractor for moving base points
Source: compiled by the authors
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As illustrated in Fig. 6, the motion of the base
points increases the complexity of the system
outputs, producing chaotic oscillations distinct from
those of the conventional Duffing pendulum.

Next, we consider base points moving
chaotically. The chaotic motion is generated using
the following system:

X = a(xz - X1) +bX2X2- Xl(o) =1,

X, =cx, +dx X, x,(0)=-1, (30)
%, = hx, +kx’, %,(0) = -3,
with parameters a=10, b=1, c=5, d=-1,

h=-5 k=-6
In this case, the distances to the base points in
the system phase plane are defined as

d, =0y, —x)7 + (3, — %)%,

Simulation results for the Duffing pendulum
with chaotically moving base points are shown in
Fig. 8 and Fig.9.

(31)

15 |- ——dip ——doy ——d3y

t

0 10 20 30 40

Fig. 8. Oscillations in the Duffing pendulum

with chaotically moving base points
Source: compiled by the authors

[

diy 10 0

dg+

Fig. 9. Modified Duffing pendulum 3D attractor

with chaotically moving base points
Source: compiled by the authors

Comparing Fig.8, Fig.6 and Fig. 4
demonstrates a significant difference from the initial
system dynamics shown in Fig. 2. This confirms that
the proposed approach enables the design of novel
chaotic systems through appropriate mathematical
transformations of well-known models.
Furthermore, it allows combining several known
systems — whether regular or chaotic — to generate
new chaotic oscillations, provided at least one
subsystem exhibits chaotic behavior.

The simulations above define distances between
the representative point and base points. Since these
distances are computed using the square-root
function, each output has a symmetric counterpart
with opposite sign.

The concept can be generalized by considering
squared distances as new state variables, rewriting
(28) as

d2, = (y, +1)° +(y, - 4)%,
d22 = (yl _1-5)2 +(y1 +3)21
d2, =(y, +0.4)* +(y, +3.5)°.

(32)

Simulation results using these squared distances
are presented in Fig. 10, Fig. 11, Fig. 12, Fig. 13,
Fig. 14 and Fig. 15, corresponding to the original
results in Fig. 4, Fig. 5, Fig. 6, Fig. 7, Fig. 8 and
Fig. 9.

ool o —d2 —d2—d2y

™
=

20

0

Fig. 10. Duffing pendulum with observed

squared distances outputs
Source: compiled by the authors

As shown in Fig. 10, Fig.11, Fig.12, Fig.13,
Fig.14 and Fig. 15, using observability equations
modifies the system output trajectories, enabling the
selection of a coordinate system that produces the
desired motions. This coordinate system may be
either Euclidean or non-Euclidean, and its choice
clearly defines the observability equations as the
equations used to calculate distances between points
in the chosen coordinate system.
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(]22

Fig 11. Modified Duffing pendulum 3D
attractor with squared distances outputs

60

A0
™
I

20

Fig. 12. Oscillations with squared distances

0

Source: compiled by the authors

—d]—dy—d;s

0 10 20 30 40
i, s

outputs and moving base points

Fig. 13. 3D attractor for squared distances

Source: compiled by the authors

42, 20 0 10

(122

outputs with moving base points

200

Fig. 14. Oscillations with squared distances
outputs and chaotically moving base points

Source: compiled by the authors

Source: compiled by the authors

d29

Fig. 15. 3D attractor for squared distances
outputs with chaotically moving base points
Source: compiled by the authors
If one assumes distances from representative
point to base points as new cartesian coordinates, he
can consider the designed in such a way system’s
attractors as motion trajectories for some UAV or
other vehicles. The main feature of the proposed
approach is increasing number of system outputs
without increasing system order. Thus, nevertheless
of defining system motion in 3D space, the order of
considered system still equals two and the designed
attractors are flat figures in 3D space. These figures
have their own initial shift, angular orientation and
forbidden zones. One can use this features to plan
UAV motions in complex environment by choosing
attractor which is located in free space from
buildings or other obstacles.

5.2. Differential Duffing Pendulum Model in
Terms of Distances to Base Points

From a control theory perspective, the chaotic
systems presented above are constructed using the
concept of state-space equations augmented with
nonlinear observability equations. Mathematically,
this approach relies on a combination of algebraic
and  differential  equations.  Its  technical
implementation is straightforward, allowing both
fixed- and floating-point calculations on digital
devices to generate the chaotic oscillations described
previously.

However, employing this approach can
introduce certain challenges when using the
resulting differential-algebraic equations to address
problems involving direct or inverse dynamics.
Therefore, in this section, we focus on designing
chaotic systems that treat distances as state variables
directly, without the need to rely on observability
equations.
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5.2.1. Case of Fixed Base Points
Assuming that the base points remain
stationary, and substituting (6) into (26), one obtains
the following equation:
2f,,0,d, +2f,d,d, +2f,,d,d, =
—(af,+6f,)d2 —(af,+5f,,)dZ -
—(afs+06f,)dl—af -5f, -
—p(f,d7 + fd2 + f.dZ + f))° + ycos(at).

(33)

This equation is derived using the weight
factors defined in (7), which are determined from the
known coordinates of the base points.

We can interpret (33) as a sum of component
equations and split it symmetrically as follows:

2f,d,d, = —(af,+5f,)d? —(af,-5f,) /3~
—B(f,d7 + f,d2 + f,d2 + f,)*/ 3+ ycos(at) / 3;
2f,d,d, = —(af,+5f,)d>—(af,-5f,)/3-
—pB(f,d2 + f,d2 + f.d2 + £)* /34 ycos(at) / 3;
2f,,d,d; = ~(a fy+ 5 f,,)d2 —(af, - 5F,) 13-
—B(f,d7 + f,d2 + f.d2 + f,)*/ 3+ ycos(wt) / 3.

(34)

Other ways of splitting these equations are also
possible; however, the chosen symmetric form
allows the first three equations to be considered as
having separable variables, while the remaining
three can be treated as second-kind Abel equations.

Numerical integration of (34) is
straightforward. By introducing the substitution

— A2
d2, =d?, (35)

the system can be rewritten in terms of the new
variables as

f,,d2, = ~(af, +61,)d2, —(af,—5f,)/3-
—p(f,d2,+ f,d2, + f,,d2,+ f,)*/ 3+ ycos(at) / 3;
f,,d2, = —(af,+5f,)d2, —(af, —5f,)/3-
-B(f,d2, + f,d2,+ f,d2, + f,)*/ 3+ ycos(at) / 3;
f,,d2, = ~(af,+06f,)d2,—(af, —5f,)/3-
-B(f,d2, + f,d2, + f,d2,+ f)*/ 3+ ycos(at) / 3.

(36)

Applying the backward-difference operator (7)
to (36) yields a system of nonlinear finite-difference
equations:

1_ Z_l _ -1
a2 = ~(afy +56,)2'd2, -

-p(fz7'd2, + f,z7'd2, + f,z7'd2, + f)°/3+
—(af,—0f1,)13+ycos(w(t-T,))/3;

1-z1 B o
fzz_l_—dZ2 =—(af,+0f,,)27d2,-
~p(f,z7'd2, + f,z7'd2, + f,z'd2, + f,)* 13+ (37)
—(af,—0f1,)I3+ycos(w(t—T,))/3;

1-z% . o
fng—dZ3 =—(af,+0f,)z27d2, -

-p(fz7'd2, + f,z'd2, + f,z'd2,+ f)°/3
—(af,-6f,)I3+ycos(w(t-T,))/3.
These equations can be solved for the current

values of the new state variables d2, as

f,d2 =—(Taf,+(T0+1)f,)z7d2, -

T, (af,—6f,)I3+Tycos(w(t-T,))/3-
~T.A(fz7'd2, + f,z7'd2, + f,z'd2,+ ) /3;
f,d2, =—(Taf,+T0+1)f,)z'd2, -

T, (af,—6f,)3+Tycos(w(t-T,))/3-
~T.A(fz7'd2, + f,z7'd2, + fz7'd2, + f)*/3;
fd2,=—(Taf,+(To5+1)f,)z'd2, -

T, (af,—6f,) 3+ T ycos(w(t—-T,))/3-
-T.A(fz7'd2,+ f,z7'd2, + f,z'd2, + f,)* /3.

(38)

Equation (38) represents the discrete-time
model of the Duffing pendulum in terms of squared
distances to fixed base points. Numerical solutions
of this system reproduce trajectories similar to those
shown in Fig. 10, Fig.11, Fig.12, Fig.13, Fig. 14 and
Fig. 15 Inverting the substitution (35),

di=\/ﬁ,

recovers curves analogous to those in Fig. 4, Fig 5,
Fig .6, Fig. 7, Fig. 8 and Fig. 9.

It is evident from (36) that this approach
increases the effective order of the dynamical system
and allows the coordinates of the system’s
representative point to be determined solely from its
distances to the fixed base points.

5.2.2. Case of Moved Base Points

In the most general scenario, both the
representative point and the base points may move
in the phase plane. Such motions can arise from the
physical processes describped by the underlying

(39)
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mathematical models or may be introduced
deliberately to enhance the system’s security features.
In this context, the weight factors f; in (7)

must be generalized to time-dependent functions that
depend not only on the Duffing pendulum dynamics
(26), but also on the regular (29) and chaotic (30)
motions of the base points.

Substituting (6) into (26) now produces more
complex equations due to the necessity of

differentiating the time-dependent f; functions.

Accordingly, equation (1) can be written in the
following form:

21,d,d, + f,,d7 +21,,d,d, +

+1,d2 +2f,d.d, + f,,d7 =

=—(af,+6 f21)dl2 —(af,+ 5f22)d22 -
~(af,+0f,)d:—af, —6f, -

—B(f,d7+ f,d2+ f.d2+ f,)* + ycos(at).

(40)

Unlike (1), equation (8) contains additional
terms of the form f,,d?, which depend not only on
the positions of the base points but also on the

velocities of their motions. This allows us to rewrite
the symmetric splitting (34) as

2f,dd, =—(af,+5f,+1,)d?—(af,-5f,)/3-
—B(f,d2 + f,d2 + f,d2 + f)°/ 3+ ycos(wt) / 3;
2f,d,d, =—(af,+5f,+ f,)d2—(af,-5f,)/3- (41)
—B(f,d2 + f,d2 + fd2 + f)°/3+ ycos(wt) / 3;

2f,,d.d, = —~(afy+5f,+ f,,)d2—(af, —51,)/3-
—B(f,d2+ f,d2+ fd2+ f)°/3+ ycos(et) /3.

Equation (41) represents the Duffing pendulum
expressed in terms of distances d, to moving base

points.
By applying the substitution (3), the system can
be rewritten in terms of squared distances d2; as

21,02, = ~(af,+&f, +f,)d2, —(af, —51,)/3-
-B(f,d2, + f,d2, + f,d2,+ f,)*/ 3+ ycos(at) / 3;
2f,d2, =—~(af,+5f,+ f,,)d2, —(af, ~81,)13-(10)
-p(f,d2, + f,d2, + f,d2,+ f,)*/ 3+ ycos(at) / 3;
2f,,d2, = ~(afy+ Ty, + 1,,)d2, —(af,—51,) /3~
-p(f,d2, + f,d2, + f,d2, + f,)*/ 3+ ycos(wt) / 3.
Equation (42) describes the Duffing pendulum
in terms of squared distances to moving base points.
Applying standard numerical approximations for

derivative operators, along with the explicit
expressions for the f; functions and the trajectories

of the base points, allows the construction of
discrete-time models of the system. Due to their
complexity, these discrete-time formulations are not
presented here.

It should be noted that alternative models can
also be formulated by adopting different definitions
of distances between points.

6. DISCUSSION OF RESULTS

The obtained analytical expressions and
numerical simulation results demonstrate that the
proposed approach provides a structured and
formalized framework for constructing chaotic
dynamical systems. The use of geometric relations
and distance-based state variables makes it possible
to represent system dynamics in a compact
mathematical form while preserving a clear physical
interpretation of the system motion.

Unlike traditional formulations where system
dynamics are directly expressed in terms of Cartesian
coordinates, the proposed approach introduces
distance-based variables defined with respect to a set
of reference points. Such a representation allows the
dynamical model to incorporate  geometric
information about the system motion and enables the
construction of new classes of nonlinear systems
derived from known oscillatory models.

The simulation results obtained for the Duffing-
based systems demonstrate that the proposed
framework is capable of generating a wide variety of
dynamical regimes. In particular, both periodic and
chaotic attractors were observed depending on the
configuration of the reference points and the
parameters of the underlying nonlinear oscillator.

The introduction of moving reference points
significantly enriches the system dynamics and leads
to the formation of more complex attractor
structures. An important advantage of the proposed
method is the possibility of constructing chaotic
systems in a systematic way by modifying known
dynamical models. Instead of relying on a limited set
of classical chaotic oscillators, the developed
framework allows new chaotic systems to be
synthesized by introducing geometric relations
between system states and reference points. This
provides additional flexibility when designing
trajectory generators for specific applications.

Another advantage of the proposed approach is
its compatibility with digital implementation. The
derived discrete-time models can be efficiently
implemented on modern computational platforms
such as microcontrollers, digital signal processors,
or field-programmable gate arrays. This makes the
proposed chaotic systems suitable for real-time
trajectory generation and control in UAV systems.
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The general algorithm for constructing such
dynamical systems can be summarized as follows.

1.A base nonlinear dynamical system
describing the motion of a physical or abstract
oscillator is selected.

2. A set of reference points is introduced in the
state space. These points can be either fixed or
moving according to predefined trajectories.

3. Distance-based state variables are defined as
geometric relations between the system state and the
reference points.

4. The original system equations are
transformed into a new representation expressed in
terms of these distance variables.

5. The resulting dynamical system is analyzed
analytically and numerically to determine its
stability properties and attractor structures.

6. A discrete-time version of the system is
constructed to enable numerical simulation and
digital implementation.

The numerical experiments confirm that the
proposed approach is capable of generating both
classical and previously unexplored attractor
structures. In particular, the obtained results
demonstrate the emergence of uni-polar attractors
and complex multidimensional chaotic trajectories
that may be wuseful for trajectory planning
applications.

At the same time, several practical aspects
should be considered when applying the proposed
framework. For instance, the choice of reference point
configuration and system parameters has a significant
influence on the resulting system dynamics.

Therefore, further research is required to
develop systematic parameter selection strategies for
specific trajectory planning tasks.

Nevertheless, the results indicate that the
proposed distance-based formulation provides a
promising tool for constructing chaotic dynamical
systems and generating complex motion patterns.

Such systems may be particularly useful in
applications that require flexible and non-repetitive
trajectories, including autonomous navigation of
UAVs in cluttered or uncertain environments.

Overall, the developed approach expands the
class of available chaotic models and provides
additional opportunities for the design of nonlinear
trajectory generators in modern autonomous systems.

We see the following future research directions
in development of adaptive synchronization
mechanisms for multi-agent systems using interval-
based chaotic oscillators to improve safety and
mission success rates.

7. CONCLUSIONS

Thus, in the paper is proposed a novel approach
to the design and analysis of chaotic dynamical
systems, using the Duffing pendulum as a
representative example.

The key findings and contributions can be
highlighted as follows.

1. We introduced a distance-based formulation
of dynamical systems by defining system state
variables in terms of distances to fixed or moving
base points. This approach generalizes conventional
state-space modeling and allows for the construction
of new chaotic behaviors.

2. For the Duffing pendulum, both fixed and
moving base points were considered. Fixed base
points enable the generation of uni-polar outputs
while preserving the overall structure of the original
oscillations.  Moving base points, including
periodically and chaotically moving ones, produce
richer and more complex chaotic dynamics,
demonstrating the flexibility of the proposed method.

3. We derived both continuous- and discrete-
time formulations of the modified Duffing pendulum
in terms of distances and squared distances. The
discrete-time models facilitate numerical
implementation on digital platforms such as MCU-,
FPGA-, or DSP-based systems.

4. The proposed framework allows the
combination of multiple known dynamical systems,
including systems with regular and chaotic motion,
to synthesize novel chaotic oscillations. This
capability opens possibilities for applications in
secure communications, parallel signal generation,
and complex motion planning.

5. Numerical simulations confirmed that the
modified systems reproduce and extend the
dynamics of the classical Duffing pendulum. The
use of distance-based observability equations or
squared-distance variables provides an effective
means to control system trajectories and generate
desired chaotic patterns.

6. Overall, the presented approach offers a
general and flexible methodology for designing
chaotic systems with tunable dynamics and
observable outputs, providing a foundation for
further studies in nonlinear control, chaos
engineering, and applied dynamics.
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AHOTANIA

AKTyaIbHiCTBb. Y CTaTTi NPONOHYETHCA HOBUH MiJXiA 10 MOOYIOBHM Ta aHANI3y XaOTHYHUX JMHAMIYHMX CHCTEM Ha OCHOBI
3MIHHHX CTaHy, 110 0a3yloThcsl Ha BijacraHi. Ha BiMiHY Bifl TpaJuIiHHUX MOJeNel IPOCTOPY CTaHiB, JIe CTaH CHCTEMH OIHCYETHCS
Oe3rnocepeiHbO KOOPJMHATHUMHU 3MiHHHMH, 3allPONOHOBAHMII METOZ NPEACTaBIsS€ CHCTEMY 3 BHKOPUCTaHHSAM BiACTaHEH Mix
MOTOYHMM CTaHOM Ta HAOOpPOM MONEpPEJHBO BHU3HAYEHHMX OMOPHHX (0a30BuX) TouoK. Lli 0a30Bi TOUKM MOXKYTh 3aJHINATHCSA
(ikcoBaHMMH B IpOCTOpi 200 pyXaTHCs 3a 3alAHUMH TPAEKTOpiAMU. Take reoMeTpUYHE NPEJCTABICHHS CTaHy CHCTEMH IPOIOHYE
JOATKOBY 'HYYKICTh JUIsl MOJCIIIOBaHHS HENiHIHHOI AMHAMIKH Ta JI03BOJIAE KOHCTPYIOBATH HOBI THUIIM XaOTHYHOI noBediHku. Mera i
3aBJaHHsl. Y LIl CTPYKTYpi €BOIIOLIsS CUCTEMU OIUCYEThCS uepe3 BiJCTaHi J0 BHOpaHHMX 0a30BUX TOYOK, a HE Yepe3 BHXiIHi
koopauHaTH. Lle neperBopeHHs y3arajabHIOE TpaJHLiHHI OMUCH MPOCTOPY CTaHiB i O3BOJIAE PO3POOHMKY BIUIMBATH HAa CTPYKTYPY
JMHAMIKH, BUOUPAIOYH KUTBKICTh, KOH(]Iryparilo Ta pyX OHOPHHUX TOYOK. SK pe3ynbTaT, 3alpornoHoBaHa (GOpMyITIOBaHHs 3abe3nedye
3pydHHil croci6 BBEOCHHS IONATKOBUX HETIHIHHMX B3aeMomiii y cucreMy, 30epiraroud Npu LBOMY YiTKYy T€OMETPUYHY
inTeprperauiro. Merogn. [l meMoHcTpalii 3ampoONOHOBAHOTO MiAXOAY SIK PENPe3eHTATUBHHUN INPUKIA] BUKOPUCTOBYETHCS
mastHuk adpginra. Knacuunmit ocummsirop Jdaddinra — ne nobpe Bigoma HendiHiliHA cucTema, sika MOXE JEMOHCTPYBAaTH
MepioANYHI, KBa3inepioAWyHi Ta XaoTHU4YHI KonuBaHHA. Y wiit podori nunamika laddinra nepedopMynboBaHa 3 BUKOPUCTAHHIM
3MIHHHMX Ha OCHOBI BiJICTaHi, BU3HAYEHUX BITHOCHO KUJIbKOX 0a30BUX TOYOK. PO3risaroThes Ba cueHapii: cucreMu 3 (pikcoBaHUMHU
0a30BUMH TOYKAaMK Ta CHUCTeMH, Ze 0a30Bi TOUKH pyXaloThcs B 4aci. B ocTaHHBOMY BUNAAKY PyX OIOPHHX TOYOK MOXKe OYyTH
nepioAnvHUM ab0 XaOTUYHMM, LIO Lie Oijblie 30aradye MOBEAIHKY CHCTEMH B LIIOMY. Po3po0iieHO Sk HelepepBHi, Tak i JUCKPETHI
¢dopmynoBanHs Mozeni. HenepepBHe mpeAcTaBieHHs JO3BOJISIE aHANII3yBaTH TEOPETHYHI BIACTHBOCTI CUCTEMH, TOJI SIK AUCKPETHA
Bepcist 1o0pe MiAXOOUTh Ui YMCIOBOTO MOJCIIOBAaHHS Ta peatizauii Ha uMPpoBUX IwiaThopMax Ta BOYJOBAHUX IMPUCTPOSX.
PesyabraTtn. YuCIOBI ©KCIEPUMEHTH IOKa3ylOTh, 110 MOAMU(IKOBaHI CHCTEMU BiJATBOPIOIOTH OCHOBHI SIKICHI 0COOJHMBOCTI
kiacuyHoro ocuuisitopa Jladdinra, a Takok CTBOPIOIOTH HOBI THITH aTPaKTOPiB. 30KpeMa, MOJEIi MOXKYTh T€HEPYBATH OJJHOIOJISIPHI
Ta CKJIaHimn 6araToBUMipHi XaoTH4Hi aTpakropu. BucHoBkm. 1li pe3ynpTaTti BKa3yloTh Ha Te, IO PIBHSHHS CIIOCTEPEHIIMBOCTI Ha
OCHOBI BiJICTaHi MOXYTh CIY)XUTU €(DEKTHBHHM iHCTPYMEHTOM [UIsl MPOEKTYBAHHS HOBHX XAaOTHYHHMX CHCTEM. 3aIlpOIMOHOBaHHI
MiAXia MOKe OyTH KOPHCHHM y TaKHX 3aCTOCYBAaHHsX, SIK O€3Me4HHil 3B'I30K, MapajieibHa TeHepallis XaOTHYHHUX CHIHAIB Ta
BUBYCHHS CKJIQ/IHOI HEJIIHIHHOT TMHAMIKH.

Kiouosi cioBa: mastauk Jladdinra; xaoTuuHi cucreMu; 3MiHHI CTaHy Ha OCHOBI BiICTaHi; HeJNiHIHA CIIOCTEPEKYBAHICTD;
6araToBHMIpHI aTpakTopu
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