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ABSTRACT 

Image segmentation remains a fundamental challenge in computer vision, with neural network training heavily dependent on 
appropriate loss functions. While common losses such as Dice are widely used, they lack rigorous mathematical foundations as 
proper distance metrics and do not fully capture the geometric structure of partitions. We introduce a weighted metric for 
comparing segmentation based on partition theory that satisfies all metric axioms, including the triangle inequality. The proposed 

metric compares partitions through symmetric difference and intersection operations, incorporating both spatial structure and 

semantic features via a weight function characterizing region properties, such as color, texture and other. We prove that the 

proposed functional forms a proper metric space on weighted partitions under specified conditions, with particular emphasis on 
establishing the triangle inequality. Experimental verification on synthetic segmentation tasks demonstrates feasibility, although 
practical implementation faces challenges, such as the need for differentiated segment extraction, which can be solved using the 
Straight-Through Estimator approximation. The triangle inequality property opens up opportunities for hierarchical approaches to 
segmentation and efficient partition search. This work bridges the gap between geometric clustering theory and deep learning-based 
segmentation, providing a theoretically grounded alternative to heuristic loss functions and also experimentally proves the possibility 
of using the proposed metric as a loss function when training convolutional neural networks. 
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INTRODUCTION 

Image understanding mostly depends on 

segmentation, as separating an image into several 

disjoint (or weakly intersecting) regions whose 

characteristics, such as intensity, color, texture, 
shape, etc., are similar. Segmentation algorithms 

have been widely investigated. However, image 

content formal descriptions using only low-level 
features extracted from each region do not always 

provide spatial reasoning; i.e., achieving a totally 

correct segmentation may result in under-
segmentation, over-segmentation, missed regions, 

and outlier regions. The last decade has determined a 

promising direction that bridges a semantic gap 

between low-level features and human concepts and 
consists of convolutional neural networks (CNN) 

architecture development.  

Architectures for solving computer vision 
problems have come a long way from simple full 

convolutional models to transformer-based models. 

Fully convolutional network (FCN) [1] allowed 
solving the segmentation for images of arbitrary 

resolution, without the need to post-process the 
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results. Then the U-Net [2] architecture, which 
greatly improved the processing of fine details and 

boundary search by introducing skip connections, 

which allowed combining low-level spatial features 

with high-level features that are responsible for 
semantics. The SegNet [3] model proposed a more 

efficient approach to processing high-resolution 

images. The architecture also used an encoder-
decoder structure, but with modified upsampling in 

the decoder, using stored max pooling indices 

instead of transmitting full feature maps. 
Approaches for instance segmentation evolved in the 

same way. Mask R-CNN [4], based on Faster 

R-CNN [5], and introduced a two-stage 

algorithm: region of interest (RoI) prediction 
followed by parallel mask generation for each object 

and classification. This approach became the 

standard for a long time, providing accurate masks 
even for overlapping objects, but it required 

significant computational resources. The Gated-

SCNN [6] method proposed an architecture 
consisting of two branches. The main branch 

extracts features, which are subsumed into a second 

branch that works with the computed gradients of 

the original image through a canny filter via a Gated 
Convolution Layer (conceptually equivalent to 

modern attention mechanisms). The results 

This is an open access article under the CC BY license (https://creativecommons.org/licenses/by/4.0 /deed.uk) 
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of these two branches are then combined via ASPP 
to form the final segmentation result. The key 

contribution of this model was dual task loss, which 

compares the predicted boundaries with the true 
boundaries. The next FastFCN [7] method optimized 

computational efficiency using Joint Pyramid 

Upsampling (JPU), where input feature maps are 

processed by separable convolutions with different 
dilation rates. 

Let's conclude with an overview of models that 

utilize transformers internally. MaskFormer [8] 
changed the approach to generating feature masks 

from pixel-based classification to initially generating 

a set of masks and then classifying them. Backbone 
extracts embeddings from which binary object 

masks are generated after the pixels decoder and 

transformer decoder processing. Mask2Former [9] 

further developed the ideas of MaskFormer by 
replacing cross-attention with masked-attention and 

adding feature maps of different resolutions to the 

decoder. Masked attention allowed focusing 
attention around objects of interest, speeding up 

convergence. 

As architectures evolved, loss functions also 
underwent their own evolution, as the choice of loss 

function is an important aspect for efficient problem 

solving and model training. Loss function is a 

function that is designed to calculate the error 
between the predicted values generated by the model 

and the reference values of the target variable. The 

main goal of the machine learning model training 
process is to minimize the value of the loss function 

by iteratively adjusting the model parameters. For 

computer vision tasks, let us distinguish the 

following subclasses for loss functions: for 
classification, for segmentation, for detection, and 

for metric learning. Let us start with the 

Distribution-based loss functions for classification, 
which are used in tasks where it is necessary to 

assign an image or its parts to predetermined classes. 

These functions estimate the discrepancy between 
the predicted probability distribution of the classes 

and the true value. Table 1 presents a comparison of 

distribution-based loss functions based on key 

characteristics that affect their applicability in 
different scenarios. Sensitivity to extremes indicates 

how strongly the loss function responds to examples 

with high probability or value, which affects the 
overall learning dynamics. 

Cross-entropy loss is a fundamental loss 

function for classification tasks. It measures the 
discrepancy between two probability distributions. 

Despite its widespread use, Cross-entropy faces 

problems when dealing with unbalanced datasets, 

which has led to the development of its 
modifications. Balanced CE introduces coefficients 

that take into account the frequency of occurrence of 

each class in the dataset. Weighted CE, in turn, 
extends this concept by introducing weights for 

different classes regardless of their frequency. This 

provides additional flexibility for specific tasks. 

Focal loss allows dealing with highly dispersed 
datasets, and reduces the contribution of correct 

answers with high probability (easy examples), 

allowing the model to respond more to incorrect 
answers than to correct ones. 

Table 1. Comparison of distribution-based loss 

functions 

Name 
Imb 

Res. 
Diff. Compl. 

Sens. 

Extr. 
Params 

Cross-

Entropy 

Low Yes Low High No 

Balanced 

CE 

High Yes Low Medium No 

Weighted 

CE 

High Yes Low Medium Yes 

Focal Loss Very 

high 

Yes Medium Controlled 

(𝛾) 

Yes 

Source: compiled by the authors 

In this table, the following abbreviations are 

used: Imb. Res. – resistance to class imbalance; Diff. 

– differentiability; Compl. – computational 
complexity; Sens. Extr. – sensitivity to extreme 

values; Params – presence of additional 

hyperparameters. 

Table 2. Comparison of region-based loss 

functions 

Name 
Imb. 

Res. 
Diff. Compl. 

Sens. 

Extr. 
FP/FN 

Ctrl. 

Dice 

Loss 

High Yes Low Medium Condi-

tional 

Tversky 

Loss 

Very 

high 

Yes Low Controlled 

(𝛼/𝛽) 

Yes 

IoU 

Loss 

Medium Partial Medium Medium No 

Lovász-

Softmax 

Medium Yes High High Yes 

Source: compiled by the authors 

Abbreviations used: Imb. Res. – resistance to 

class imbalance; Diff. – differentiability; Compl. – 

computational complexity; Sens. Extr. – sensitivity 
to extreme values; FP/FN Ctrl. – control over false 

positives and false negatives. 

Unlike classification, which estimates whether 

the entire image belongs to a particular class, 
segmentation requires pixel-by-pixel prediction of 

class membership. Consider functions for solving 
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such problems. Loss functions for segmentation can 
be categorized into two main subtypes: region-based 

– estimating region correspondence; and boundary-

based – focusing on the accuracy of object boundary 
detection. 

Dice Loss is designed to compare the dice 

coefficient (also known as F1-measure) between two 

sets – the resulting segmentation mask and the 
reference set. The gradients of this function are 

unstable, and gradient explosion is also possible. 

The instability and potential explosion of gradients 
are caused by the Dice Loss denominator 

approaching zero when the target region is minimal 

or absent. This leads to unbounded derivative 
calculations, which occur primarily when the total 

pixel area of both the predicted and true masks is 

extremely small. A combined Log-Cosh Dice Loss 

function [10] was proposed to overcome the 
disadvantages of non-smoothness (non-convexity) 

and gradient problems. The Tversky Loss [11] 

function is a generalization of Dice Loss. It adds the 
ability to control the balance between false positives 

(FP) and false negatives (FN) errors. It is also worth 

noting that it can be unstable in the initial training 
phase. 

The next function, IoU, is a common metric for 

evaluating the quality of object detection, which can 

also be used as a loss function for the segmentation 
task – IoU Loss (Jaccard loss), but the function is 

discontinuous. A differentiable approximation 

method must be applied for differentiation. e.g., a 
smoothing parameter ò  is added or a log-sum-exp 

trick is used to improve numerical stability. To 

overcome this drawback, various modifications have 

been proposed, such as Generalized IoU (GIoU) [12] 
Distance IoU (DIoU) [13], Complete IoU (CIoU) 

[14], Soft IoU [15]. Moreover, Lovász-Softmax 

Loss [16] also optimizes IoU but in another manner. 
While region-based features focus on 

evaluating the concurrence of segmentation regions, 

boundary-based features focus on the accuracy of 
object boundaries. This is especially important in 

medical tasks where accurate object boundary 

detection can be critical. The comparison is 

summarized in Table 3. 
Boundary Loss [17] focuses exclusively on 

contours and is often used in combination with other 

loss functions, such as Dice Loss, to achieve better 
results in medical image segmentation tasks. 

Hausdorff Loss [18] is based on the Hausdorff 

distance and measures the maximum distance 
between the border points of the predicted and true 

masks. Since the Hausdorff distance is not 

differentiable, it requires the creation of different 

approximations. A special feature of this function is 
that it penalizes even for single boundary deviations, 

which can be a very important criterion for solving 

the problems at hand. We have considered functions 
for segmentation, but they can also be applied to 

solving object detection problems. In this case, the 

object areas are those pixels that fall within the 

bounding boxes. 

Table 3. Comparison of boundary-based loss 

functions 

Name 
Imb. 

Res. 
Diff. Comp. Bound. Noise 

Size 

Inv. 

Boundary 

Loss 

High Partial High Mediu

m 

High Medi-

um 

Haus-

dorff 

Loss 

Medi-

um 

No Very 

high 

High Low Low 

Active 

Contour 

High Yes Medi-

um 

Low High High 

Source: compiled by the authors 

Abbreviations used: Imb. Res. – resistance to 
class imbalance; Diff. – differentiability; Comp. – 

computational complexity; Bound. – sensitivity to 

boundaries; Noise – noise immunity; Size Inv. – size 
invariance. 

Let us consider one more type of functions -- 

embedding-based losses. These are loss functions 

that work with vector representations (embeddings) 
of objects, placing them in a multidimensional space 

in such a way that semantically close objects are 

closer to each other and different objects are farther 
away. Usually applied in representation learning. 

The representation learning approach is to extract 

useful features from the data or to transform it into 
another feature space, where certain characteristics 

of the data become more explicit and can be used for 

other tasks. A comparison of some features is 

presented in Table 4. 

Table 4. Comparison of embedding-based 

loss functions 

Name Imb. Res. Diff. Compl. 
Sens. 

Extr. 
Params 

Triplet 

Loss 

Medium Yes High Average Yes 

Center 

Loss 

High Yes Medium High Yes 

Source: compiled by the authors 

Abbreviations used: Imb. Res. – resistance to 
class imbalance; Diff. – differentiability; Compl. – 

computational complexity; Sens. Extr. – sensitivity 

to extreme values; Params – indicates whether the 

loss includes tunable parameters. 
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Triplet loss [19] is a loss function that teaches the 
network to form a feature space in which objects of the 

same class are closer together and objects of different 

classes are farther apart. The learning is based on 
triplets. A triplet is a set of three elements: an anchor; a 

positive example (positive) of the same class as the 

anchor; a negative example (negative) from a class that 

does not belong to the anchor class. The function 
minimizes the distance between the anchor and the 

positive example while maximizing the distance 

between the anchor and the negative example, thus 
creating a space in which classes are well 

distinguishable. Center Loss [20] – is a regularization 

technique aimed at generating significantly spaced 
representations of classes in the feature space. The 

main goal of this approach is to maximize the 

interclass distance. Center Loss complements the 

classical teacher learning loss function by introducing 
an additional penalty component, the value of which is 

proportional to the distance between individual 

samples of a class and the corresponding center of this 
class in the feature space. 

Having considered the main types of loss 

functions for various computer vision tasks, it is 
important to note that combined loss functions are 

often used in practice. They combine the advantages 

of different approaches, compensating for the 

individual disadvantages of separate functions. 
Combined functions are usually a weighted sum of 

several loss functions, where coefficients can be 

fixed or adjustable parameters. 

2. GROUNDWORK AND PROBLEM 

STATEMENT 

Region-based loss functions are suitable for 

various segmentation approaches. But there exists a 
demand to bridge a semantic gap between low-level 

features and human concepts. Consideration of the 

spatial image content of the collective structure of 
region families is an advance over single-region 

analysis. Thus, there are many reasons for the study 

of set partitions matching since they are models of 
arbitrary clustering. In the presence of multiple 

segmentations (comparison of different algorithms, 

search for a compromise within the range from an 

under- to over-segmentations, learning for semantic, 
instance, panoptic segmentations), there appears 

necessity to take into consideration metrical 

properties of quotient set comparisons which due to 
consolidated geometrical content will not be 

sensitive to varying acquisition, partial objects 

occlusions, colors transformations also. The 
transition from the measure of similarity (satisfying 

reflexivity and symmetry) to the analysis of metrics 

(in addition, the triangle inequality is valid) means 
the possibility of preparatory processing providing a 

significant increase in performance. Pairwise 

comparison is generally more powerful than 
exhaustive search when multiple comparative 

estimates (using the reverse triangle inequality in 

retrieval algorithms) enable quickly eliminating 

dissimilar elements. 
There have been many efforts on clustering, 

comparing, and matching two different partitions of 

different sets that reappear continually. However, 
they do not always pay attention to the triangle 

inequality. The last one is important at least for 

controlled learning of networks, when it is effective 
to take advantage of the fragmentation similarity 

degree, e.g., from very different partitions to 

substantially similar ones at different stages of 

learning. 
Among the most well-known metrics should be 

highlighted van Dongen [21], Larsen [22], Mirkin 

[23], variation of information (a.k.a. Meila metric) 
[24], the Earth Mover's Distance (EMD) [25] 

metrics. However, most of them are valid only for 

finite-dimensional sets and either have considerable 
computational complexity or have low sensitivity 

under meaning changes of partitions. 

Let U be an arbitrary finite set with cardinality 

N. Crisp clustering generates different partitions 𝑋 =
{[𝑥]1, [𝑥]2, … , [𝑥]𝑚}  (where [𝑥]𝑖 ≠ ⌀ , 𝑈 =
⋃𝑖=1
𝑚 [𝑥]𝑖 , ∀𝑖 ≠ 𝑗 ⇒ [𝑥]𝑖 ∩ [𝑥]𝑗 = ⌀ ) and 𝑌 =

{[𝑦]1, [𝑦]2, … , [𝑦]𝑛}. 
Quotient sets viz the sets 𝑋/𝒫 , 𝑋/𝒬  are ipso 

facto generated either by different algorithms or by 

the same algorithm with varied parameters. Consider 
known metrics with the aim of modifying them for 

use in image segmentation. There exists a type of 

metrics based on the search for equivalence classes 

intersections with maxima cardinalities. 
These include van Dongen metric (1) and 

evident transformation of Larsen similarity 

measure (2) 

{1,2, , }

1

{1,2, , }

1

( , ) 2 max | [ ] [ ] |

max | [ ] [ ] |

m

j n i j

i

n

i m i j

j

X Y N x y

x y

  



 



   

 




 (1) 

( , ) ( , )
( , ) ,  

2

d X Y d Y X
X Y


  (2) 

It should be emphasized that finding extremes 

can significantly increase the influence of the 
corresponding outliers or novelties, thereby 

distorting the result of the comparison of partitions 

as a whole. 
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The Mirkin metric obtained by generalization of 
the Hamming metric is of undoubted interest 

2 2

1 1

2

1 1

( , ) |[ ] | |[ ] |

2 |[ ] [ ] | .

m n

i j

i j

m n

i j

i j

X Y x y

x y


 

 

  

 

 



 

The Meila metric, based on entropy and known 

as the information variation, has found wide 
applications 

𝜌(𝑋, 𝑌) = 𝐻(𝑋) + 𝐻(𝑌) − 2𝐼(𝑋, 𝑌) 

where 

𝐻(𝑋) = −∑𝑝

𝑚

𝑖=1

([𝑥]𝑖)log𝑝([𝑥]𝑖),

 𝑝([𝑥]𝑖) = |[𝑥]𝑖|/𝑁,

𝐼(𝑋, 𝑌) =∑∑𝑝

𝑛

𝑗=1

𝑚

𝑖=1

([𝑥]𝑖)𝑝([𝑦]𝑗)log
𝑝([𝑥]𝑖 , [𝑦]𝑗)

𝑝([𝑥]𝑖)𝑝([𝑦]𝑗)
,

 𝑝([𝑥]𝑖 , [𝑦]𝑗) = |[𝑥]𝑖 ∩ [𝑦]𝑗|/𝑁.

 

EMD (originally, transformation cost of one 
distribution into another one) based comparison of 

partitions can be used to calculate distances between 

feature descriptions sets 𝑃 = {(𝑝1, 𝑤𝑝1),

… , (𝑝𝑚 , 𝑤𝑝𝑚)}  and 𝑄 = {(𝑞1, 𝑤𝑞1), … , (𝑞𝑛, 𝑤𝑞𝑛)} 

that formed on partitions where 𝑤𝑝𝑖 and 𝑤𝑞𝑗 are the 

weights. If base similarity measure 𝑑(𝑝𝑖 , 𝑞𝑗)  is 

given, then computing of EMD there is nothing else 

but solution to a linear programming problem 

1 1

1

( , ) ( , ) min,

( , ) 0, 1 , 1 ,

( , ) , 1 ,
i

m n

i j i j

i j

i j

n

i j p

j

d p q c p q

c p q i m j n

c p q w i m
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



    
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 
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  
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  

 

where 𝑐(𝑝𝑖 , 𝑞𝑗)  is a quantity of “product 

transported” from cluster 𝑝𝑖 to cluster 𝑞𝑗 considering 

weights 𝑤𝑝𝑖 , 𝑤,𝑞𝑗 , and 𝑑(𝑝𝑖 , 𝑞𝑗)  are the 

transportation costs of the product unit transition. It 

should be noted, if ∑ 𝑤𝑝𝑖
𝑚
𝑖=1 = ∑ 𝑤𝑞𝑗

𝑛
𝑗=1 = 1  and 

𝑑(𝑝𝑖 , 𝑞𝑗)  is a metric, then EMD is a metric also. 

MiCROM (Minimum-Cost Region Matching) [26] is 
some development of EMD and models the 

comparison of segmented images as a minimum-cost 
network flow problem. The advantage of these 

metrics is the use of weighting coefficients, which 

adapts them to image segmentation, while the 
disadvantage is the high computational complexity 

with a sufficiently large number of equivalence 

classes. 

Now, let 𝑈 be an arbitrary measurable set with 

a measure 𝜇(𝑈) < ∞ , i.e., for any 𝐴 ⊆ 𝑈  exists 

some number 𝜇(𝐴)  which is the measure (length, 

area, volume, mass distribution, probability 
distribution, cardinality, etc.) then the metric is 

known [27]  

𝜌(𝑋, 𝑌) = ∑∑(𝜇

𝑛

𝑙=1

𝑚

𝑘=1

([𝑥]𝑘 △ [𝑦]𝑙)𝜇 ∙ 

([𝑥]𝑘 ∩ [𝑦]𝑙)),  

(3) 

where [𝑥]𝑘 △ [𝑦]𝑙 = ([𝑥]𝑘\[𝑦]𝑙) ∪ ([𝑦]𝑙\[𝑥]𝑘)  is a 

symmetrical difference. 
It includes similarity and dissimilarity measures 

of equivalence classes simultaneously with the 

simplest computability. Namely, a scalable 

formalized procedure for the calculation of 

functional (3) is as follows. Let 𝑆△(𝑋, 𝑌) = (𝑆𝑘
𝑘𝑙), 

𝑆∩(𝑋, 𝑌) = (𝑆𝑘
𝑘𝑙) , where 𝑘 = 1,𝑚 , 𝑙 = 1, 𝑛 , 𝑆△

𝑘𝑙 =

𝜇([𝑥]𝑘 △ [𝑦]𝑙) , 𝑆∩
𝑘𝑙 = 𝜇([𝑥]𝑘 ∩ [𝑦]𝑙) . Then the 

elementwise matrix multiplication 𝑄△
𝑘𝑙 = 𝑆△

𝑘𝑙𝑆∩
𝑘𝑙  

gives (𝑚 × 𝑛)  matrix 𝑄△∩ , the sum of whose 

elements is 𝜌(𝑋, 𝑌). 
Thus, based on the analysis carried out, metric 

(3) appears to be the most acceptable for comparing 

image segmentations, but there exists a need to 

expand the understanding of the relationship of 

spatial content with an image. Suppose 𝑈 is a finite 
field of view, then it is necessary to prove 

1 1

( , ) ([ ] ,[ ] ) | [ ] [ ] |

| [ ] [ ] |

m n

k l k l

k l

k l

X Y x y x y

x y

 
 

 




  (4) 

where 𝜑([𝑥]𝑘 , [𝑦]𝑙) is a function that characterizes 

the brightness, color, or texture properties of 
equivalence classes. The objective of the study is to 

ground and investigate (4), which we will call a 

weighted metric. Emphasize that (4) takes into 
account not only the shape of regions (individual 

partition elements) and their mutual spatial location, 

but also the different sensations on the eye in 

compressed form, i.e. 𝑋 = {(𝛼1, [𝑥]1),
(𝛼2, [𝑥]2), … , (𝛼𝑚 , [𝑥]𝑚)} . Hereafter, we call (4) 

weighted metric. 
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The aim of this work is to develop a metric-
based loss function for image segmentation and 

provide its mathematical grounding, which takes 

into account the geometric and semantic features of 
regions for training neural networks. 

3. METRIC FOR IMAGE SEGMENTATIONS 

MATCHING 

To prove (4) be a metric, it suffices to show that 

𝜌(𝑋, 𝑌) is nonnegative and satisfies the axioms of 

identity (reflexivity), symmetry, and the triangle 

inequality. 

Denote 𝛼𝑖𝑗 = 𝜑([𝑥]𝑖 , [𝑦]𝑗). Let 𝛼𝑖𝑗 = 𝛼𝑗𝑖 > 0 , 

this condition is easy to fulfill at the stage of 
choosing brightness, color, or texture characteristics. 

If any 𝛼𝑖𝑗 = 0, then 𝑋, 𝑌 cease to be partitions, since 

they do not cover 𝑈 . Thus (4) is obviously 
nonnegative and satisfies the symmetry axiom due to 

the commutativity of symmetric difference and 

intersection. 
To prove reflexivity, it is necessary to show that 

𝜌(𝑋, 𝑌) = 0 ⇔ 𝑋 = 𝑌. First prove the sufficiency. 

In accordance with the symmetry property, we have 

𝜌(𝑋, 𝑋) = ∑∑𝛼𝑘𝑙

𝑚

𝑙=1

𝑚

𝑘=1

 |[𝑥]𝑘 △ [𝑥]𝑙| |[𝑥]𝑘 ∩ [𝑥]𝑙| =

=∑𝛼𝑘𝑘

𝑚

𝑙=1

 |[𝑥]𝑘 △ [𝑥]𝑘| |[𝑥]𝑘 ∩ [𝑥]𝑘| +

 + 2 ∑ 𝛼𝑘𝑙

𝑚

𝑘,𝑙=1
𝑘>𝑙

 |[𝑥]𝑘 △ [𝑥]𝑙| |[𝑥]𝑘 ∩ [𝑥]𝑙|

 

Thus, the expression consists of 𝑚 terms with 

the same indices, and therefore with the same 

partition elements, and (𝑚2 −𝑚)  terms with 
different partition elements. The first group of terms 

obviously consists of zeros, since |[𝑥]𝑘 △ [𝑥]𝑘| = 0 

for all 𝑘 = 1,𝑚 , and the second group also gives 

zero terms, because |[𝑥]𝑘 ∩ [𝑥]𝑙| = 0  for all 𝑘, 𝑙 =

1,𝑚 provided 𝑘 ≠ 𝑙. 
Now prove the necessity. To do this, assume 

that for two partitions 𝑋 ≠ 𝑌  equality (4) holds. 

Note, since all terms of functional (4) are 

nonnegative, it is equal to 0 only if each of them is 
equal to 0. 

Consider several facts that will be useful in 

proving the triangle inequality. Choose an element 

[𝑥]∗ ∈ 𝑋, it is included in the set of “zero” terms 

𝛼∗𝑙 ⋅ |[𝑥]
∗ △ [𝑦]𝑙| ⋅ |[𝑥]

∗ ∩ [𝑦]𝑙| where 𝑙 = 1, 𝑛. 

Suppose [𝑥]∗ does not belong to 𝑌, then for all 

[𝑦]𝑙 ∈ 𝑌 inequality |[𝑥]∗ △ [𝑦]𝑙| ≠ 0 holds. Then for 

all indices 𝑙 = 1, 𝑛  the equality |[𝑥]∗ ∩ [𝑦]𝑙| = 0 

must be true. Though it is possible while [𝑥]∗ = ⌀ 

since [𝑥]∗ ∈ 𝑈 and family 𝑌 = {[𝑦]1, [𝑦]2, . . . , [𝑦]𝑛} 
covers the set 𝑈. But [𝑥]∗ belongs to partition 𝑋 of 

the same set 𝑈, and of course [𝑥]∗ ≠ ⌀. 

Then there exist elements [𝑦]1
∗ , [𝑦]2

∗ , . . . , [𝑦]𝑝
∗ ∈

𝑌 which cover subset [𝑥]∗ ⊂ 𝑈 and have nonempty 

intersection with it, i.e. |[𝑥]∗ ∩ [𝑦]𝑟
∗| ≠ 0, 𝑟 = 1, 𝑝 . 

Therefore, we get a contradiction – one can assert 

that any element [𝑥]∗ ∈ 𝑋 is an element from 𝑌, i.e. 

𝑋 ⊂ 𝑌. By virtue of symmetry, we have 𝑌 ⊂ 𝑋 and 

finally 𝑋 = 𝑌, which proves reflexivity. 
Consider several facts that will be useful in 

proving the triangle inequality. For any image 𝑈 on 

a power set 𝜋𝑈 let us distinguish Π𝑈 be a set of finite 
(regarding the quantity of equivalence classes) 

partitions. Each equivalence class [𝑥]𝑘 ∈ 𝑋 ∈ Π𝑈 is 

characterized by some number, i.e. 𝑋 =
{(𝛼1, [𝑥]1), (𝛼2, [𝑥]2), . . . , (𝛼𝑚 , [𝑥]𝑚)} . Obviously, 

(3) is correct on the whole of Π𝑈 (𝛼𝑘 ≡ 1, 𝑘 = 1,𝑚), 

and (4) is a metric on the reduction 𝑃𝑈 ⊂ Π𝑈 to be a 

carrier of metric space, which we have to establish. 

For an arbitrary domain 𝐷 ⊂ 𝑈  and any 

partition 𝑋 = {[𝑥]1, [𝑥]2, . . . , [𝑥]𝑚} , since 

partitioning 𝑋 splits a set 𝐷 into disjoint subsets, the 

cardinality additivity implies the equality 

|𝐷| =∑|

𝑚

𝑖=1

𝐷 ∩ [𝑥]𝑖|. 

For the reason that we consider the elements of 
the partition with some positive weights, a required 

metric space has to be constructed on the following 

carrier: ℝ𝑚
+ × Π𝑈. Then it is easily seen that for any 

𝐷 ⊂ 𝑈 and 𝑋 ∈ ℝ𝑚
+ × Π𝑈 it follows that 

|𝐷| =∑𝛼𝑖

𝑚

𝑖=1

|𝐷 ∩ [𝑥]𝑖| . (5) 

In fact, equality (5) is a hyperplane in ℝ𝑚 . 

Denote by 𝐾𝑚
+(𝑋) its intersection with ℝ𝑚

+ , since it 

essentially depends on the partition 𝑋 =
{(𝛼1, [𝑥]1), (𝛼2, [𝑥]2), . . . , (𝛼𝑚 , [𝑥]𝑚)}. 

The important point to note here is the 
possibility to rewrite (4) in tantamount form 

2 2

1 1

2

1 1

( , ) |[ ] | |[ ] |

2 | [ ] [ ] |

m n

k l

k l

m n

kl k l

k l

X Y x y

x y





 

 

  

 

 


. (6) 

One may conjecture that for any sets 𝐴, 𝐵 ∈ 𝑈 
there exists a relationship 
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|𝐴 △ 𝐵| = |𝐴| + |𝐵| − 2|𝐴 ∩ 𝐵|. (7) 

Indeed, taking into account obvious equalities 

𝐴 = (𝐴/𝐵) ∪ (𝐴 ∩ 𝐵)  and 𝐵 = (𝐵/𝐴) ∪ (𝐴 ∩ 𝐵) , 

what is more, sets 𝐴/𝐵 and 𝐴 ∩ 𝐵 do not intersect, 

from cardinality additivity we get |𝐴| = |𝐴/𝐵| +
|𝐴 ∩ 𝐵|  and |𝐵| = |𝐵/𝐴| + |𝐴 ∩ 𝐵| . Summing up 

these equalities and considering 𝐴 △ 𝐵 = (𝐴/𝐵) ∪
(𝐵/𝐴), we get |𝐴| + |𝐵| = |𝐴/𝐵| + |𝐵/𝐴| + 2|𝐴 ∩
𝐵| = |𝐴 △ 𝐵| which is equivalent to (7). 

Further applying (7) to equivalence classes [𝑥]𝑘 

and [𝑦]𝑙 , we represent (4) in the form 

1 1

1 1

1 1

2

1 1

( , ) (| [ ] | | [ ] | 2 | [ ] [ ] |)

| [ ] [ ] |

| [ ] | | [ ] [ ] |

| [ ] | | [ ] [ ] |

2 | [ ] [ ] | .

m n

kl k l k l

k l

k l

m n

kl k k l

k l

m n

kl l k l

k l

m n

kl k l

k l

X Y x y x y

x y

x x y

y x y

x y

 







 

 

 

 

    

  

   

   

 









 

Now select in the last equality the sums of the 

form ∑ 𝛼𝑘𝑙
𝑛
𝑙=1 |[𝑥]𝑘 ∩ [𝑦]𝑙|, ∑ 𝛼𝑘𝑙

𝑚
𝑘=1 |[𝑥]𝑘 ∩ [𝑦]𝑙|, 

then accordingly (5) under restrictions 𝐻𝑈(𝑋, 𝑌) =
{𝐾𝑚

+(𝑋) ∩ 𝐾𝑛
+(𝑌)} × 𝑃𝑈 ⊂ 𝜋𝑈 hold ∑ 𝛼𝑘𝑙

𝑛
𝑙=1 |[𝑥]𝑘 ∩

[𝑦]𝑙| = |[𝑥]𝑘| and ∑ 𝛼𝑘𝑙
𝑚
𝑘=1 |[𝑥]𝑘 ∩ [𝑦]𝑙| = |[𝑦]𝑙| 

for 𝑘 = 1,𝑚, 𝑙 = 1, 𝑛 what means the fulfillment of 

equality (6) and establishes identicalness of (4) 
and (6). 

Since we will have to consider various 

intersections of 𝑋, 𝑌 ∈ 𝑃𝑈  below, we will point out 

that all 𝑋 ∩ 𝑌 = {[𝑥]𝑘 ∩ [𝑦]𝑙}𝑘=1,𝑚,𝑙=1,𝑛  are also 

partitions. In fact, if we select an arbitrary element 

𝑢 ∈ 𝑈  then since 𝑋, 𝑌  are partitions, there will be 

indices 𝑘 ∈ {1,2, . . . , 𝑚} , 𝑙 ∈ {1,2, . . . , 𝑛}  for which 

𝑢 ∈ [𝑥]𝑘 , 𝑢 ∈ [𝑦]𝑙 , i.e. 𝑢 ∈ [𝑥]𝑘 ∩ [𝑦]𝑙 . 

Consequently, ⋃𝑘=1
𝑚 ⋃𝑙=1

𝑛 {[𝑥]𝑘 ∩ [𝑦]𝑙} = 𝑈. 

On the other hand, due to the associativity and 

commutativity of the intersection operation of sets, 

we can specify  

([𝑥]𝑘 ∩ [𝑦]𝑙) ∩ ([𝑥]𝑘′ ∩ [𝑦]𝑙′)
= ([𝑥]𝑘 ∩ [𝑥]𝑘′) ∩ ([𝑦]𝑙 ∩ [𝑦]𝑙′). 

But since the pairs (𝑘, 𝑙)  and (𝑘′, 𝑙′)  are not 

equal, then either 𝑘 ≠ 𝑙 , or 𝑘′ ≠ 𝑙′ , or these 

inequalities are satisfied simultaneously, which 

means that one of the sets [𝑥]𝑘 ∩ [𝑦]𝑙  or [𝑥]𝑘′ ∩
[𝑦]𝑙′  is the empty one, since they belong to the 

partitions 𝑋 and 𝑌 respectively. Thus, for any pairs 

(𝑘, 𝑙) ∈ {1,2, . . . , 𝑚} × {1,2, . . . , 𝑛}  we end up with 

([𝑥]𝑘 ∩ [𝑦]𝑙) ∩ ([𝑥]𝑘′ ∩ [𝑦]𝑙′) = ⌀. 

As a result, we conclude that a family of sets 

𝑋 ∩ 𝑌 = {[𝑥]𝑘 ∩ [𝑦]𝑙}𝑘=1,𝑚,𝑙=1,𝑛 is an exhaust set of 

non-empty subsets such that every element is in 

exactly one of these subsets, i.e. 𝑋 ∩ 𝑌 ∈ 𝑃𝑈. 

Just now consider intersections of three 

arbitrary partitions 𝑋, 𝑌, 𝑍 ∈ 𝑃𝑈, where 

{

𝑋 = {(𝛼1, [𝑥]1), (𝛼2, [𝑥]2), . . . , (𝛼𝑚 , [𝑥]𝑚)},
𝑌 = {(𝛽1, [𝑦]1), (𝛽2, [𝑦]2), . . . , (𝛽𝑛, [𝑦]𝑛)},

𝑍 = {(𝛾1 , [𝑧]1), (𝛾2 , [𝑧]2), . . . , (𝛾𝑝, [𝑧]𝑝)}.
 

Withal, for each pair of sets of (generally 

speaking normalized) weights, there exists a 
conformity 

{

{𝛼1, 𝛼2, . . . , 𝛼𝑚}, {𝛽1, 𝛽2, . . . , 𝛽𝑛} ⇒ 𝜆𝑘𝑙 = 𝜑([𝑥]𝑘 , [𝑦]𝑙),

{𝛼1, 𝛼2, . . . , 𝛼𝑚}, {𝛾1 , 𝛾2 , . . . , 𝛾𝑝} ⇒ 𝜇𝑘𝑖 = 𝜑([𝑥]𝑘 , [𝑧]𝑖),

{𝛽1, 𝛽2, . . . , 𝛽𝑛}, {𝛾1, 𝛾2, . . . , 𝛾𝑝} ⇒ 𝜃𝑙𝑖 = 𝜑([𝑦]𝑙 , [𝑧]𝑖).
 

Denote 𝑑𝑘𝑙𝑖 = |[𝑥]𝑘 ∩ [𝑦]𝑙 ∩ [𝑧]𝑖| , 𝑘 = 1,𝑚,

𝑙 = 1, 𝑛, 𝑖 = 1, 𝑝 . In accordance with the property 

above, consider the partition 𝑋 ∩ 𝑌  and apply (5), 

assuming that 𝐷 is a set [𝑧]𝑖 while skipping weights, 
then 

1 1

1 1

| [ ] | | ([ ] ([ ] [ ] )) |
m n

i i k l

k l

m n

kli

k l

z z x y

d

 

 

   






. (8) 

Reasoning in a completely similar way and 

using as 𝐷 in (5) in turn the sets [𝑥]𝑘 ∩ [𝑦]𝑙, [𝑥]𝑘 ∩
[𝑧]𝑖, [𝑦]𝑙 ∩ [𝑧]𝑖 , and as the corresponding partition 

𝑋, 𝑌, 𝑍, we obtain the validity of expressions 

{
 
 
 
 

 
 
 
 
|[𝑥]𝑘 ∩ [𝑦]𝑙| =∑𝑑𝑘𝑙𝑖

𝑝

𝑖=1

,

|[𝑥]𝑘 ∩ [𝑧]𝑖| =∑𝑑𝑘𝑙𝑖

𝑚

𝑙=1

,

|[𝑦]𝑙 ∩ [𝑧]𝑖| = ∑𝑑𝑘𝑙𝑖

𝑚

𝑘=1

.

    (9) 

If triplet 𝑋, 𝑌, 𝑍 ∈ 𝑃𝑈  is such that 𝑋, 𝑌 ⊂
𝐻𝑈(𝑋, 𝑌) , 𝑋, 𝑍 ⊂ 𝐻𝑈(𝑋, 𝑍) , 𝑌, 𝑍 ⊂ 𝐻𝑈(𝑌, 𝑍) , then 

from (6) it follows immediately 

𝜌(𝑋, 𝑌) = ∑ |

𝑚

𝑘=1

[𝑥]𝑘|
2 +∑|

𝑛

𝑙=1

[𝑦]𝑙|
2 −

−2∑∑𝜆𝑘𝑙

𝑛

𝑙=1

𝑚

𝑘=1

|[𝑥]𝑘 ∩ [𝑦]𝑙|
2,
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𝜌(𝑋, 𝑍) = ∑ |

𝑚

𝑘=1

[𝑥]𝑘|
2 +∑|

𝑝

𝑖=1

[𝑧]𝑖|
2 −

−2∑∑𝜇𝑘𝑖

𝑝

𝑖=1

𝑚

𝑘=1

|[𝑥]𝑘 ∩ [𝑧]𝑖|
2,

𝜌(𝑌, 𝑍) =∑|

𝑛

𝑙=1

[𝑦]𝑙|
2 +∑|

𝑝

𝑖=1

[𝑧]𝑖|
2 −

−2∑∑𝜃𝑙𝑖

𝑝

𝑖=1

𝑛

𝑙=1

|[𝑦]𝑙 ∩ [𝑧]𝑖|
2.

 

The preparatory reasoning carried out allows us 

to prove the triangle inequality. From the 
relationships above, we get 

1

2
{𝜌(𝑋, 𝑍) + 𝜌(𝑌, 𝑍) − 𝜌(𝑋, 𝑌)} =

=∑|

𝑝

𝑖=1

[𝑧]𝑖|
2 −∑∑𝜇𝑘𝑖

𝑝

𝑖=1

𝑚

𝑘=1

|[𝑥]𝑘 ∩ [𝑧]𝑖|
2 −

 −∑∑𝜃𝑙𝑖

𝑝

𝑖=1

𝑛

𝑙=1

|[𝑦]𝑙 ∩ [𝑧]𝑖|
2 +

+∑∑𝜆𝑘𝑙

𝑛

𝑙=1

𝑚

𝑘=1

|[𝑥]𝑘 ∩ [𝑦]𝑙|
2.

 

Taking into account (8) and (9), we obtain that 
the triangle inequality is fulfilled if and only if 

∑(∑∑𝑑𝑘𝑙𝑖

𝑛

𝑙=1

𝑚

𝑘=1

)

2𝑝

𝑖=1

+

+∑∑𝜆𝑘𝑙

𝑛

𝑙=1

𝑚

𝑘=1

(∑𝑑𝑘𝑙𝑖

𝑝

𝑖=1

)

2

≥

≥ ∑∑𝜇𝑘𝑖

𝑝

𝑖=1

𝑚

𝑘=1

(∑𝑑𝑘𝑙𝑖

𝑛

𝑙=1

)

2

+

+∑∑𝜃𝑙𝑖

𝑝

𝑖=1

𝑛

𝑙=1

(∑𝑑𝑘𝑙𝑖

𝑚

𝑘=1

)

2

.

 (10) 

Let us fix 𝑝 = 1 and denote 𝑔𝑘𝑙 = 𝑑𝑘|1, noting 

that 𝑔𝑘𝑙 ≥ 0, then the last inequality implies 

(∑∑𝑔𝑘𝑙

𝑛

𝑙=1

𝑚

𝑘=1

)

2

+∑∑𝜆𝑘𝑙

𝑛

𝑙=1

𝑚

𝑘=1

(𝑔𝑘𝑙)
2 ≥

≥ ∑𝜇𝑘1

𝑚

𝑘=1

(∑𝑔𝑘𝑙

𝑛

𝑙=1

)

2

+∑𝜃𝑙1

𝑛

𝑙=1

(∑𝑔𝑘𝑙

𝑚

𝑘=1

)

2

. 

(11) 

Take cognizance of the set of numbers 𝑔𝑘𝑙 as an 

(𝑚 × 𝑛)  matrix 𝐺  explanation, then the right-hand 

side of this inequality in brackets contains the total 

of the row elements and the total of the column 

elements, respectively.  

The structure of the left-hand side of the 

inequality has the form 

2∑∑(

𝑛

𝑙=1

𝑚

𝑘=1

1 + 𝜆𝑘𝑙)(𝑔𝑘𝑙)
2 + ∑ 𝑔𝑘𝑙

(𝑘,𝑙)≠(𝑘′,𝑙′)

𝑔𝑘′𝑙′  

and the right side looks like this 

2

1 1 1 `

1 1 1 `

1 `

1 `

2 ( )( )

.

m n m

k l kl k kl kl

k l k l l

n

l kl k l

l k k

g g g

g g

  



   

 

  



  

 
 

Comparing them, emphasize that they have a 
common part (double sum of squares), the left part 

contains all pairwise products of matrix 𝐺 elements 

with unequal indices, and the right part contains all 
pairwise products with unequal indices, but from 

one row or from one column (i.e. there are no 

pairwise products, specifically diagonal elements). 
Thus, the number of terms on the right side is less 

than on the left side, and all these terms are 

contained in the left side, i.e. inequality (10) is 

satisfied for unit weights. In general (10) is true if 

{
  
 

  
 
𝜆𝑘𝑙 + 1 ≥ 𝜇𝑘1 + 𝜃𝑙1 ,

∑ ∑

𝑚

𝑘=1𝑙≠𝑙′

𝑔𝑘𝑙𝑔𝑘𝑙′ ≥ ∑𝜇𝑘1

𝑚

𝑘=1

∑𝑔𝑘𝑙
𝑙≠𝑙′

𝑔𝑘𝑙′ ,

∑ ∑

𝑛

𝑙=1𝑘≠𝑘′

𝑔𝑘𝑙𝑔𝑘′𝑙 ≥∑𝜃𝑙1

𝑛

𝑙=1

∑ 𝑔𝑘𝑙
𝑘≠𝑘′

𝑔𝑘′𝑙 .

 

What does this system of inequalities represent? 

It is easily seen that there are 2 2m n  variables in 

the space 
2 2m nR , which is divided into two parts by 

hyperplanes of the form 

1 1

1

1

1

1

1 0,

(1 ) 0,

(1 ) 0.

kl k l

m

k kl kl

k l l

n

l kl k l

l k k

g g

g g

  





 












    



 



 


 

 

 

The intersection of these parts and the first 

quadrant of 
2 2m nR  gives the desired region 

 1 , ,H X Y Z , which, of course, depends on the 
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original triple of partitions. Thus, inequality (11) 
takes place in the region 

   1 1Φ , , , , UH X Y Z X Y Z P    at M . The 

regions 2 3Φ ,Φ ,...,Φ p  are constructed similarly. 

There is no difficulty in understanding that (10) 
transforms into the form 

2 2

, ,

2 2

, ,

,

l l

ki kl ki

i k l k l i

j l

ki ki li ki

k i j l i k

g g

g g



 

   
    

  

   
     

  

   

   

 

where the numbers klid  from (10) are considered as 

a set of p  matrices 
,

, 1( )l m n

i ki k lG g  , 1,i p . 

When adding over i  in accordance with the 

scheme, we obtain at every step the required 

hyperplanes and finally 1
p

ii   . Thus, we 

conclude that in the region 

U UP (X,Y,Z) (X,Y,Z) P   the triangle 

inequality is satisfied, i.e. weighted functional (2) is 

a metric for image segmentations matching. 
To this end, the results obtained need careful 

explanations. The metric space on the set of weight 

partitions UP  is formed on a certain restriction 

U UP P'  , consisting of two parts. In the first part, 

the metric does not depend on the weight 

coefficients, and this subdomain 
1
U UP (X,Y) P'  is 

the union of subdomains by any pairs of weighted 

partitions (X,Y) . In the second part, the metric 

depends on the weight coefficients, and this 

subdomain 
2
U UP (X,Y,Z) P'  is the union of 

subdomains by any triples of weighted partitions 

(X,Y,Z) , and finally 
1 2

U U UP P P'  . Of course, we 

would like to find a metric on the entire space UP , 

and not on the restriction U UP P'  , but, in our 

opinion, it seems impossible to tackle the problem 
successfully although further experiments may yield 

intriguing results. 

4. EXPERIMENTS 

This section will show how it is possible to 

apply our metric to the segmentation. We have taken 

the SegNet architecture, which is supposed to solve 

a pixel-by-pixel regression. As a dataset, we created 

a synthetic set of five shapes: circle, rectangle, 

triangle, pentagon, star; that do not overlap in a 100

 100px image. The number of shapes in the dataset 

is normally distributed, and there can be from two to 

five pieces in each image. These parameters are also 

customizable. In order not to fix the number of 

classes, we decided that the model would output a 

single-channel image. To satisfy the metric's 

requirement for strict partitioning – where each pixel 

belongs to exactly one class, including the 

background, while accounting for object 

connectivity – we designed the architecture 

accordingly and created a synthetic dataset. 

The first problem to be solved is to select 

elements (shapes) for partitioning. We need to 

consider the connectivity of these elements and the 

fact that the output will not be discrete. Furthermore, 

the complexity of the task is compounded by the fact 

that the selection operation must be differentiable. If 

the operation is not differentiable or there is no 

differentiable approximation, we will lose gradients 

and will not be able to train the network. For 

selection, we decided to use KNN with element 

connectivity checking since the number of elements 

is not fixed. At the beginning of training, the number 

of clusters can be quite large (Fig. 1), which in turn 

requires sufficient computational resources. 

 

Fig. 1. Input and output of the first  

processing step 
Source: compiled by the authors 

Since the KNN algorithm itself is not 

differentiable (relies on discrete, non-differentiable 

operations such as hard distance ranking and argmin 

assignments), we used the STE trick [28], [29], [30], 

which allowed us to pass gradients backward. The 

STE resolves this by retaining the strict, hard class 

assignments during the forward pass, which is 

essential for the metric's partitioning requirements, 

while acting as an identity function during the 

backward pass to route gradients directly through the 

non-differentiable steps. The choice of such a feature 

also determines the learning result. We, as an 

experiment, used 1  1 convolution, Gumbel-

Softmax, and soft masks. Soft masks describe the 

probabilistic value of whether a pixel belongs to hard 

centroids. The intermediate training results are 

shown in Fig. 2. 
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Fig. 2. Comparison of different approximation 

methods: conv 1×1, Gumbel-Softmax, and soft 

masks 
Source: compiled by the authors 

As can be seen, the function does not train the 

network to segment objects by class, but allows it to 

find objects and emphasize the separation of areas, 
while taking connectivity into account. This can be 

useful in combined loss functions. Fig. 3 illustrate the 

KNN outputs and the differences in the results 
obtained during training for various STE. 

 

Fig. 3. Examples of different KNN outputs with 

different STE 
Source: compiled by the authors 

Additionally, before starting the training process, 

we checked the gradients (Fig. 4) the input image 
was passed through the KNN module, and its output 

was then directed to the loss function for the 

backward pass. It should be noted that, due to 
computing the intersection between the predicted 

result and the ground truth in the loss function, we 

had to zero out the gradients when the metric equals 

zero. This was necessary because the self-
intersection would produce non-zero gradients, 

which would negatively impact the training process. 

 

Fig. 4. Visualization of computed gradients 

during the backward pass 
Source: compiled by the authors 

 

5. DISCUSSIONS 

We proposed a weighted metric for comparing 

image partitions that accounts for both the geometry 

of regions and their semantic properties (brightness, 
color, texture) through a weight function. Compared 

to widely used functions (Dice/Tversky, IoU, 

Lovász-Softmax, etc.) and boundary-based ones 
(Boundary/Hausdorff), ours fundamentally differs in 

that it defines precisely a metric on the space of 

partitions, whereas the mentioned functions either 

are not metrics or require special smoothing and do 
not satisfy the triangle inequality. This property 

enables hierarchical search over the space of 

partitions and more informed hyperparameter 
tuning. Unlike EMD and MiCROM, where accuracy 

is achieved through solving linear programming 

problems, the proposed metric reduces to matrix 

computations and is therefore potentially simpler 
computationally with a moderate number of regions. 

However, at the initial stages of training, the number 

of regions is typically large, which increases 
memory requirements. The practical part revealed a 

key bottleneck. To use the metric as an end-to-end 

loss function, it is necessary to differentiably extract 
non-overlapping segments. We applied KNN 

clustering with connectivity checking and the 

Straight-Through Estimator to approximate non-

differentiable steps. On a synthetic dataset of non-
overlapping shapes, the model optimized with our 

metric was able to separate objects accounting for 

connectivity, as shown in intermediate results in 
Fig. 2. This makes the metric a good candidate for 

combined loss functions that will emphasize correct 

partition topology, to which functions focusing on 
semantics or class membership can be added. It 

should also be noted that the choice and 

normalization of directly affect sensitivity to object 

sizes and contrast, as different tasks may require 
different outcomes. 

6. CONCLUSIONS 

This work presents a weighted metric for 
comparing segmentations that operates with 

partitions and takes into account semantic and visual 
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features. We adapted it for use as a loss function 
using the STE trick. Existing loss functions were 

compared, and their strengths, weaknesses, and areas 

of applicability were identified. For the proposed 
metric, we mathematically proved the metric 

axioms, particularly the triangle inequality, and 

conducted experiments on a synthetic dataset 

confirming its feasibility. The proposed metric 
bridges partition theory with the practice of training 

segmentation models. Initial results confirm the 

applicability of the approach, albeit with limitations. 
Future work requires investigations aimed at 

improving differentiable approximations for object 
extraction, either by replacing them with learnable 

object detection methods. Furthermore, evaluation 

and comparative analysis on real-world tasks against 

existing loss functions should be conducted.  
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АНОТАЦІЯ 

Сегментація зображень залишається фундаментальною проблемою комп'ютерного зору, при цьому навчання 
нейронних мереж значною мірою залежить від відповідних функцій втрат. Хоча такі поширені функції втрат, як коефіцієнт 
Дайса (Dice), широко використовуються, але їм бракує математичного обґрунтування властивостей метрик, і вони не 
повною мірою враховують геометричну структуру розбиттів (partitions). Ми пропонуємо зважену метрику для порівняння 

сегментацій на основі теорії розбиттів, яка задовольняє всі аксіоми метрики, включаючи нерівність трикутника. 
Запропонована метрика порівнює розбиття за допомогою операцій симетричної різниці та перетину, враховуючи як 
просторову структуру, так і семантичні ознаки за допомогою вагової функції, що характеризує властивості регіонів, такі як 
колір, текстура та інші. Доводимо, що запропонований функціонал утворює належний метричний простір на зважених 
розбиттях за визначених умов, з особливим акцентом на доведенні нерівності трикутника. Експериментальна перевірка 
на синтетичних задачах демонструє доцільність підходу, хоча його практична реалізація стикається з певними викликами, 
такими як необхідність диференційованого виділення сегментів. Цю проблему можна вирішити за допомогою STE (Straight-
Through Estimator). Властивість нерівності трикутника відкриває можливості для застосування ієрархічних підходів до 

сегментації та ефективного пошуку розбиттів. Ця робота усуває розрив між геометричною теорією кластеризації та 
сегментацією на основі глибокого навчання, надаючи теоретично обґрунтовану альтернативу евристичним функціям втрат, 
а також експериментально доводить можливість використання запропонованої метрики в якості функції втрат при навчання 
згорткових нейронних мереж. 

Ключові слова: сегментація зображень; функції втрат; згорткові нейронні мережі; глибоке навчання; метрика; 
розбиття; комп'ютерний зір 
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