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ABSTRACT 
 

This work is dedicated to the problem of building GL-models of behavior of non-basic fault-tolerant multiprocessor systems in 

the failure flow. Such models can be used to calculate the reliability parameters of the latter. The system, depending on the fulfillment 
of certain conditions, is resistant to failures of various multiplicities. These conditions depend only on the states of the system's 

processors and can be represented by special Boolean expressions. A method of constructing GL-models of such systems based on 

combining expressions of the edge functions of auxiliary basic models is proposed. At the same time, the specific feature of the models 

that were built by the proposed method is that they are based on cyclic graphs. This simplifies the process of evaluating their 
connectivity and also simplifies the analysis of the model's operation. In addition, this allows using other methods of modifying GL-

models if necessary. The method involves using auxiliary models that have the same number of edges. In order to equalize the number 

of edges, auxiliary models can be extended with additional edges with edge functions of a special type. It is shown that this extension 

does not change the behavior of the models. In particular, the procedure of orthogonalization of the Boolean expressions is described, 
which should be carried out if the conditions can be satisfied simultaneously. It is shown that the expressions of the edge functions of 

the obtained GL-models, which can be quite complex, can sometimes be significantly simplified. Numerous experiments have been 

conducted to confirm the adequacy of the models (built by the proposed method) to the behavior of the corresponding systems in the 

failure flow. The example is given to demonstrate the application of the proposed method. The resulting model is analyzed and shown 
to correspond to the behavior of the system for which it was built. 
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INTRODUCTION 

In the modern world, more and more objects and 
systems are becoming automatic and automated. On 
the one hand, this allows us to free people from 
performing monotonous and non-creative tasks, and 
on the other hand, to improve the quality of process 
management by reducing the influence of the human 
factor. One of the key components of such objects is 
their control system (CS) [1, 2]. 

In certain cases, especially for so-called critical 
application systems (CAS) [3, 4], [5], the breakdown 
of which can lead to significant consequences, 
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additional reliability requirements may be imposed 
on the control systems (CS). Furthermore, the 
management of such objects often involves solving 
problems with a rather high computational 
complexity. The use of fault-tolerant multiprocessor 
systems (FTMS) [6, 7], [8, 9], [10, 11], [12] as CS 

allows achieving the required level of both reliability 
and performance [13, 14]. 

Sooner or later, developers of fault-tolerant 
multiprocessor systems (FTMS) face the task of 
estimating its reliability parameters, such as the 
probability of failure. For complex and 
heterogeneous systems, such as control systems 
(CS), solving this problem can be very challenging 

[15, 16], [17, 18].  
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There are two main groups of methods for solving it 
[16, 19], [20, 21]. 

The methods of the first group are based on 

building of analytical expressions for calculating the 
relevant system reliability parameters based on the 
corresponding parameters of its processor 
components [22, 23], [24, 25]. The advantage of such 
approaches is the relative simplicity of the 
calculation process itself, as well as the ability to 
achieve high calculation accuracy. The disadvantage, 

is the complexity of building these expressions for 
different types of systems: for each of them, a new 
calculation method often has to be created [23, 26], 
[27, 28], [29, 30], [31, 32], [33, 34], [35, 36], 
[37, 38], [39, 40], [41, 42], [43, 44], [45, 46], 
[47, 48], [49, 50], [51, 52], [53, 54]. 

The methods of the second group are based on 
statistical experiments with models of the behavior of 

the fault-tolerant multiprocessor systems (FTMS) in 
the failure flow [55, 56]. Their advantage is their 
flexibility, while the disadvantage is the need to 
conduct a large number of experiments with models. 
At the same time, the accuracy of estimating the 
system reliability parameters in general depends on 
the number of experiments conducted. Therefore, 

reducing the complexity of each experiment allows 
to achieve greater accuracy of calculations in 
practice. 

GL-models [56, 57] can be used as models of 
behavior of fault-tolerant multiprocessor systems 
(FTMS) in the failure flow. A GL-model is an 
undirected graph, each edge of which corresponds to 

a Boolean edge function. The arguments of the edge 
functions are elements of the so-called system state 
vector, a Boolean vector that reflects the state of each 
of its components (processors) in the failure flow. If 
the processor is functional, the corresponding 
element of the state vector takes the value equal to 1, 
and if it is not functional, it takes the value equal to 
0. If the edge function takes a zero value, the 

corresponding edge is excluded from the graph. The 
connectivity of the model graph for a certain vector 
reflects the overall state of the system. For a given 
combination of functional and non-functional 
processors, a connected graph indicates that the 
system remains operational, while the loss of 
connectivity in the graph corresponds to a system 

breakdown. 
There are a few methods for building GL-

models [58, 59], [60, 61], which typically can be 
used to build models of so-called basic systems. 
Systems that are resistant to any failure with a 
multiplicity not exceeding a certain threshold but are 

not resistant to any failure of greater multiplicity are 
called basic systems. Models of such systems are 
also called basic models. A basic system, consisting 

of n processors and resistant to failure of no more 
than m of them, as well as its corresponding model, is 
denoted by K(m, n). 

Some of the methods can be used to build basic 
GL-models that are based on cyclic graphs [58, 59]. 
The advantage of such models is that the process of 
determining the graph's connectivity is greatly 

simplified. 
It is worth noting that real systems, especially 

control systems, are not always basic, or in other 
words, they are non-basic. Such systems may be 
resistant only to a certain set of failures of a 
particular multiplicity, but not to other failures of the 
same multiplicity. 

The building of non-basic GL-models (i.e., 

models of non-basic systems) can be performed by 
modifying basic ones. This modification can occur 
by changing the structure of the graph [62], by 
modifying the expressions of the edge functions [63], 
or by combining both approaches. 

FORMULATION OF THE PROBLEM 

The application of modification methods of 
GL-models that do not change the structure of the 
graph [63] to GL-models based on cyclic graphs 
[58, 59] allows simplifying the procedure of 
analyzing the model’s operation in general. This, in 
turn, leads to a reduction in the time required to 

perform one experiment with the model [64]. 
However, this problem has not yet been solved in 
general case (for an arbitrary non-basic system). 

Therefore, the problem of building a GL-model 
of an arbitrary non-basic FTMS while preserving the 
cyclic structure of the graph is relevant. 

MLE-MODELS 

Let us take a closer look at one of the types of GL-
models that lose a minimum number of edges on 
vectors with increased multiplicity of zeros – the so-
called MLE-models (minimum of lost edges) [59]. 
Such models can be built for basic K(m, n) systems 

with arbitrary values of m and n. 
They are based on cyclic graphs and have a few 

special properties [59, 65]. For example, the МLE-
model K(m, n) contains exactly φ(m, n) = n – m + 1 
edges and always loses exactly ψ(m, l) of them on 
vectors with l zeros, where 

𝜓(𝑚, 𝑙) = {
0, when 𝑙 < 𝑚

𝑙 − 𝑚 + 1, when 𝑙 ≥ 𝑚
. 

The building of the expressions of the edge 
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functions of such a model is done by dividing the input 
vector into two parts (usually of equal or nearly equal 
size, but in general, such a division can be arbitrary).  

Let us denote their sizes as n1 and n2, n1 + n2 = n.  
Then the edge functions of the model will consist 

of [59]: 
1) The edge functions of the model K1(m, n1), 

constructed for the first part of the vector. 
2) The edge functions of the form  

𝑓 = 𝜅1(𝑖, 𝑛1) ∨ 𝜅2(𝑚 − 𝑖, 𝑛2), where  
i = 1, 2, …, m – 1, and the expressions κ1(i, n1) and 
κ2(m – i, n2) are the conjunctions of the expressions of 

all edge functions of the models K1(i, n1) and K2(m –
 i, n2), respectively, built for the first and second part of 
the input vector. 

3) The edge functions of the model K2(m, n2), 
built for the second part of the vector. 

The abovementioned auxiliary models are built in 
a similar way until models of the form K(1, n) or 
K(n, n), are reached, the expressions of the edge 

functions of which are known. The K(1, n) model 
contains exactly n functions of the form fi(X) = xi, where 
i = 1, 2, …, n, and xi – are elements of the input system 
state vector X, i.e., X = <x1, x2, ,…, xn> The K(n, n) 
model, in turn, contains only one edge function of the 
form  

𝑓(𝑋) = 𝑥1 ∨ 𝑥2 ∨ … ∨ 𝑥𝑛. If some of the auxiliary 
models of the form K(a, b) cannot be obtained in 
principle (which happens if a ≥ b), then the 

corresponding edge functions, for the synthesis of 
which such models are necessary according to the 
above algorithm, are not included in the set of edge 
functions of the model being built. 

RESTRICTIONS 

A non-basic fault-tolerant multiprocessor system 
differs from a basic one in that it is resistant to only 
certain failures of a specific multiplicity, but fails in the 
event of other failures of the same multiplicity. In 
general, many different configurations of such systems 
are possible. However, from a practical point of view, 
there are several obvious restrictions. For example, if an 
FTMS is resistant to a certain failure, it can be expected 

to be resistant to all lower multiplicity failures, that can 
be obtained from that failure by replacing some failed 
processors with functional ones. 

Practically speaking, it is also often the case that a 
non-basic FTMS differs from a basic one precisely, 
because it remains stable over a certain set of failures of 
increased multiplicity. Therefore, it can be said that the 

system generally behaves like a basic K(m, n), but 
under certain conditions, like a basic K(m + t, n). In a 
more general case, there may be more than one such 

condition and value of t. In other words, the system can 
be considered such that under some conditions Ci 
behaves like the basic K(mi, n), where i = 1, 2, …, k. At 

the same time, it is expected that abovementioned 
conditions depend only on the states of specific 
processors of the system, and therefore can be 
expressed in form of some Boolean expressions ci(X), 
where X is the system state vector. This expression 
takes the value of 1 for those system state vectors in 
which the corresponding condition Ci is satisfied and 0 

otherwise. This is the case that will be discussed in this 
article. 

EXTENSION OF MLE-MODELS 

As mentioned above, MLE-models can be built for 
any K(m, n) system. One of the advantages of such 

models is that they are all based on cyclic graphs. The 
number of edges in such a graph is φ(m, n) = n – m + 1. 

The system under consideration, depending on the 
fulfillment of conditions, can behave as a basic model 
with different values of the degree of fault tolerance 
(value of m). For each of these cases, a different MLE-
model can be built. In this case, their graphs will 

obviously differ in the number of edges. 
To further build a model of the system as a whole, 

it will be necessary to obtain models with the same 
number of edges. Fortunately, this can be done in many 
different methods. 

One of the simplest methods is to add extra edges 
to the model with trivial edge functions of the form 
f ≡ 1. Since the remaining edge functions will remain 

the same as in the original model, the resulting model 
will lose exactly ψ(m, l) edges on vectors with l zeros, 
just like the original model. Moreover, since the graph 
of the model will remain cyclic, it will lose its 
connectivity exactly at the same time as the graph of the 
original model, that is, in the case of the loss of any two 
or more edges. 

Therefore, all models can be reduced to the same 
number of edges by simply adding edges with functions 
of the form f ≡ 1. 

THE COMBINED MODEL 

Suppose there is a set of conditions С1, С2, …, Сk, 

each of which corresponds to the behavior in the failure 
flow of the non-basic FTMS to basic 
K1(m1, n), K2(m2, n), …, Kk(mk, n) systems, respectively. 
At the same time, exactly one condition is always 
satisfied.  

Let us assume that for each of the basic systems 
K1(m1, n), K2(m2, n), …, Kk(mk, n), GL-models are built 

in some way, where each of them is based on a cyclic 
graph. In addition, the graphs of all models contain the 
same number of edges, denoted as L. The edge 
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functions of these models are denoted as 𝑓𝑗
𝑖, where 

i = 1, 2, …, k, and j = 1, 2, …, L. 
We will build a GL-model based on a cyclic graph 

with L edges, with the following edge functions: 

𝑓𝑗(𝑋) = ⋁ 𝑐𝑖(𝑋)𝑓𝑗
𝑖(𝑋),

𝑘

𝑖=1

 

where j = 1, 2, …, L. We will demonstrate that such a 

model indeed corresponds to the behavior in the failure 
stream of the previously described system. 

Let us consider the situation (corresponding to 
vector X), when some condition Ch is satisfied, that is, 
сh(X) = 1. Given that exactly one condition is satisfied 
at a time, we get ci(X) = 0 for all i ≠ h.  

Thus, the edge functions of the model will take the 
form 

𝑓𝑗(𝑋) = 𝑓𝑗
ℎ(𝑋). 

It is easily seen that in this case, the model will 
completely coincide with the h-th model, which 
corresponds to the system Kh(mh, n). Therefore, for each 
of the conditions Ci the model will indeed correspond to 
the system Ki(mi, n), as required. 

ORTHOGONALIZATION OF THE 

CONDITIONS 

In the previous section, it was assumed that 
exactly one of the conditions С1, С2, …, Сk must always 
be satisfied. However, in practice, the conditions can be 
formulated in way that some of them will be satisfied 
simultaneously on certain vectors. For example, when 

describing a system, it can be stated that it is m-fault-
tolerant, and when a certain condition is met, it 
becomes (m + 1)-fault-tolerant. In other words, 
considering that an (m + t)-fault-tolerant system is also 
resistant to all failures of multiplicity no higher than m, 
those to which an m-fault-tolerant system is resistant, it 
is reasonable to assume that in the case of simultaneous 

satisfaction of multiple conditions, the system behaves 
as one with the highest degree of fault tolerance (of 
those for which the conditions are met). 

The application of the proposed approach in case 
when multiple conditions are met simultaneously on 
certain system state vectors can lead to undesirable side 
effects, that lead to a loss of adequacy of the model to 
the system behavior. For example, let the 

conditions 𝐶𝑇1
, 𝐶𝑇2

, …, 𝐶𝑇𝐿
 be satisfied on a certain 

vector.  

Then, the edge functions of the model obtained by 
the proposed method will be as follows: 

𝑓𝑗 = 𝑓𝑗
𝑇1 ∨ 𝑓𝑗

𝑇2 ∨ … ∨ 𝑓𝑗
𝑇𝐿 . 

Therefore, in general, the model will differ from 
the basic model by the expressions of its edge functions. 
The possibility of side effects will depend on the 

method and parameters of building auxiliary models, as 
well as the numbering order of their edge functions. For 
instance, it is possible that vectors with an increased 
multiplicity of zeros will be blocked (i.e., the model 
will indicate the system’s working state on them). 

In order to be able to use the proposed method of 
building GL-models for non-basic FTMS, even if the 

conditions are not mutually exclusive, it is enough to 
first perform a specialized procedure for 
orthogonalizing the expressions of these conditions. 
After that, exactly one condition will be satisfied for 
each input vector, and the proposed method can be 
applied. Let us consider this procedure in more detail. 

Suppose that a non-basic FTMS, under conditions 
С1, С2, …, Сk is fault-tolerant of multiplicity no higher 

than m1, m2, …, mk respectively. In this case, at least 
one of the above conditions is always satisfied, but 
some of them can be satisfied simultaneously. Also, we 
will assume that m1 < m2 < … < mk (we can always 
renumber them so that is satisfied). 

Let us form conditions S1, S2, …, Sk so that the 
condition Si is satisfied if and only if the condition Ci is 

also satisfied, but none of the conditions with a higher 
index are satisfied.  

Boolean expressions that correspond to such 
conditions can be built as 

𝑠𝑖(𝑋) ≡ 𝑐𝑖(𝑋) ∧ ⋀ 𝑐𝑗̅(𝑋)

𝑘

𝑗=𝑖+1

, 

for i = 1, 2, …, k – 1, and 𝑠𝑘(𝑋) ≡ 𝑐𝑘(𝑋). 
In other words, if condition Si is satisfied for a 

certain vector, then i is the largest index among the 
conditions С1, С2, …, Сk, that are satisfied for this 
vector. It is easy to see that with this construction, 
exactly one of the conditions S1, S2, …, Sk will always 
be satisfied (considering that at least one of the 
conditions С1, С2, …, Сk is always satisfied). 

The proposed replacement is correct, since, as 
mentioned earlier, the model K(ma, n) is resistant to all 

failures, including all failures to which the model 
K(mb, n), is also resistant if ma < mb. 

ALGORITHM FOR BUILDING A MODEL OF 

A NON-BASIC SYSTEM 

Now we can formulate the algorithm for building a 

GL-model of a non-basic system. Let us recall that we 
consider a non-basic FTMS, which, under the 
conditions С1, С2, …, Сk is resistant to failures of 
multiplicity not higher than m1, m2, …, mk respectively. 
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Moreover, the conditions С1, С2, …, Сk depend only on 
the states in the failure flow of the processors of the 
system (all or some of them). In addition, at least one of 

these conditions always satisfied. The building of the 
GL-model of such a system will consists of the 
following steps. 

Step 1. Building logical expressions of 

conditions. For each of the conditions Ci we build the 
corresponding Boolean expressions ci(X), which depend 
on the values of the elements of the state vector of the 

system X. 
Step 2. Rearrangement. If for the values 

m1, m2, …, mk, the condition m1 < m2 < … < mk is not 
satisfied, then we rearrange them so as to satisfy it. In 
other words, we find a set of indices  

𝑇 = 〈𝑡1, 𝑡2, … , 𝑡𝑘〉 ∈ 𝔖𝑘, for which  

𝑚𝑡1
< 𝑚𝑡2

< ⋯ < 𝑚𝑡𝑘
, where 𝔖𝑘 – is the set of all 

possible permutations of numbers 1, 2, …, k. 
Step 3. Orthogonalization of logical expressions 

of conditions. If some conditions can be satisfied 
simultaneously, we build orthogonalized logical 

expressions 𝑠𝑡𝑖
(𝑋) ≡ 𝑐𝑡𝑖

(𝑋) ∧ ⋀ 𝑐𝑡̅𝑗
(𝑋)𝑘

𝑗=𝑖+1 , for 

i = 1, 2, …, k – 1, and 𝑠𝑡𝑘
(𝑋) ≡ 𝑐𝑡𝑘

(𝑋). 

Step 4. Building of MLE-models. We build basic 
MLE-models Ki(mi, n) for i = 1, 2, ,…, k. Their 

functions will be denoted as 𝑓𝑗𝑖

𝑖 , where 

ji = 1, 2, …, φ(mi, n), where φ(mi, n) = n – mi + 1. 
Step 5. Extension of MLE-models. We 

supplement all obtained MLE-models to the same 
number of edge functions by adding trivial functions of 

the form f ≡ 1. Considering that the value of 𝑚𝑡1
 is the 

smallest, the model 𝐾𝑡1
(𝑚𝑡1

, 𝑛) will have the largest 

number of edges, namely  

𝐿 = 𝜑(𝑚𝑡1
, 𝑛) = 𝑛 − 𝑚𝑡1

+ 1. Therefore, it is 

sufficient to supplement all models except the t1-th, 

model with additional 𝑚𝑖 − 𝑚𝑡1
 edge functions 𝑓𝑗𝑖

𝑖 ≡

1, where ji = φ(mi, n) + 1, φ(mi, n) + 2, …, L. As a 
result, all models will contain exactly L edge functions, 

denoted as 𝑓𝑗
𝑖, where i = 1, 2, …, k is the model (and 

condition) number, and j = 1, 2, …, L is function 
number. 

Step 6. Building expressions of edge function of 

the model. We build the expressions of the edge 
functions of the model according to the formula 

𝑓𝑗(𝑋) = ⋁ 𝑠𝑖(𝑋)𝑓𝑗
𝑖(𝑋),

𝑘

𝑖=1

 

where j = 1, 2, …, L is function number. 
Therefore, the result is a GL-model that is based 

on a cyclic graph with L edges and edge functions with 

expressions fj(X), where j = 1, 2, …, L. 

Sometimes, they obtained expressions of edge 
functions can be further simplified. Moreover, the edge 
functions in each of the models can be rearranged in 

any order, allowing them to be arranged, so that such 
simplification is more effective. 

EXAMPLE 

As an example, let us build a GL-model for a 
system that contains 9 processors and is resistant to the 

failure of any 3 of them if the 1st and 2nd, or 5th 
processors are operational, and also resistant to the 
failure of any 4 of them if the 4th, 5th, and 7th 
processors are simultaneously functional, and in all 
other cases the system is 2-fault tolerant. To do this, 
follow the steps described in the previous section. As 
you can see, based on the problem, we have, k = 3, 

m1 = 3, m2 = 4, m3 = 2. 
Step 1. Let us build logical expressions for the 

conditions. Condition C1 is satisfied when 1st and 2nd, 
or 5th processors are operational, and it corresponds to 

the expression 𝑐1(𝑋) = 𝑥1𝑥2⋁𝑥5. Condition C2 is 
satisfied when 4th, 5th, and 7th processors are 
operational, and it corresponds to the expression 

𝑐2(𝑋) = 𝑥4𝑥5𝑥7. Condition C3 is always satisfied, so 

its expression is simply 𝑐3(𝑋) = 1. 
Step 2. Since the condition m1 < m2 < m3 is not 

satisfied, we need to rearrange these values. The correct 
relation is m3 < m1 < m2, so the desired set of indices is 
T = <3, 1, 2>. 

Step 3. Conditions C1, C2 and C3 can occur 

simultaneously, so we can perform orthogonalization. 
Accordingly, we have: 

𝑠3(𝑋) = 𝑐3(𝑋)𝑐1̅(𝑋)𝑐2̅(𝑋) = 1 ∧ (𝑥1𝑥2⋁𝑥5
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) ∧ 

      ∧ (𝑥4𝑥5𝑥7̅̅ ̅̅ ̅̅ ̅̅ ̅) = ((𝑥1𝑥2̅̅ ̅̅ ̅̅ )𝑥̅5)(𝑥̅4 ∨ 𝑥̅5 ∨ 𝑥̅7) = 

      = (𝑥̅1 ∨ 𝑥̅2)𝑥̅5(𝑥̅4 ∨ 𝑥̅5 ∨ 𝑥̅7) = 

      = 𝑥̅5(𝑥̅1 ∨ 𝑥̅2); 
𝑠1(𝑋) = 𝑐1(𝑋)𝑐2̅(𝑋) = (𝑥1𝑥2⋁𝑥5)(𝑥4𝑥5𝑥7̅̅ ̅̅ ̅̅ ̅̅ ̅) = 

      = (𝑥1𝑥2⋁𝑥5)(𝑥̅4 ∨ 𝑥̅5 ∨ 𝑥̅7) = 

      = 𝑥1𝑥2𝑥̅5 ∨ 𝑥5(𝑥̅4 ∨ 𝑥̅7); 
𝑠2(𝑋) = 𝑐2(𝑋) = 𝑥4𝑥5𝑥7. 

Step 4. Let us build the MLE-models K1(3,9), 
K2(4, 9) and K3(2, 9). 

The K1(3, 9) model has the following 7 edge 
functions (Fig. 1a): 

𝑓1
1 = 𝑥1 ∨ 𝑥2 ∨ 𝑥3;  

𝑓2
1 = (𝑥1 ∨ 𝑥2)(𝑥1𝑥2 ∨ 𝑥3) ∨ 𝑥4𝑥5; 

 𝑓3
1 = 𝑥1𝑥2𝑥3 ∨ 𝑥4 ∨ 𝑥5; 

 𝑓4
1 = (𝑥1 ∨ 𝑥2)(𝑥1𝑥2 ∨ 𝑥3)(𝑥1𝑥2𝑥3 ∨ 𝑥4𝑥5) ∧ 

        ∧ (𝑥4 ∨ 𝑥5) ∨ 𝑥6𝑥7𝑥8𝑥9; 
 𝑓5

1 = 𝑥1𝑥2𝑥3𝑥4𝑥5 ∨ 

       ∨ (𝑥6 ∨ 𝑥7)(𝑥6𝑥7 ∨ 𝑥8𝑥9)(𝑥8 ∨ 𝑥9); 
 𝑓6

1 = 𝑥6 ∨ 𝑥7 ∨ 𝑥8𝑥9; 
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 𝑓7
1 = 𝑥6𝑥7 ∨ 𝑥8 ∨ 𝑥9. 

The K2(4, 9) model contains 6 edge functions 
(Fig. 1b): 

𝑓1
2 = 𝑥1 ∨ 𝑥2 ∨ 𝑥3 ∨ 𝑥4𝑥5; 

𝑓2
2 = (𝑥1 ∨ 𝑥2)(𝑥1𝑥2 ∨ 𝑥3) ∨ 𝑥4 ∨ 𝑥5; 

𝑓3
2 = (𝑥1 ∨ 𝑥2 ∨ 𝑥3) ∧ 

      ∧ ((𝑥1 ∨ 𝑥2)(𝑥1𝑥2 ∨ 𝑥3) ∨ 𝑥4𝑥5) ∧ 

      ∧ (𝑥1𝑥2𝑥3 ∨ 𝑥4 ∨ 𝑥5) ∨ 𝑥6𝑥7𝑥8𝑥9; 
𝑓4

2 = (𝑥1 ∨ 𝑥2)(𝑥1𝑥2 ∨ 𝑥3)(𝑥1𝑥2𝑥3 ∨ 𝑥4𝑥5) ∧ 

       ∧ (𝑥4 ∨ 𝑥5) ∨ (𝑥6 ∨ 𝑥7)(𝑥6𝑥7 ∨ 𝑥8𝑥9)(𝑥8 ∨ 𝑥9); 
𝑓5

2 = 𝑥1𝑥2𝑥3𝑥4𝑥5 ∨ 

       ∨ (𝑥6 ∨ 𝑥7 ∨ 𝑥8𝑥9)(𝑥6𝑥7 ∨ 𝑥8 ∨ 𝑥9); 
𝑓6

2 = 𝑥6 ∨ 𝑥7 ∨ 𝑥8 ∨ 𝑥9. 
In turn, the K3(2, 9) model includes exactly 8 edge 

functions (Fig. 1c): 

𝑓1
3 = 𝑥1 ∨ 𝑥2; 

𝑓2
3 = 𝑥1𝑥2 ∨ 𝑥3; 

𝑓3
3 = 𝑥1𝑥2𝑥3 ∨ 𝑥4𝑥5; 

𝑓4
3 = 𝑥4 ∨ 𝑥5; 

𝑓5
3 = 𝑥1𝑥2𝑥3𝑥4𝑥5 ∨ 𝑥6𝑥7𝑥8𝑥9; 

𝑓6
3 = 𝑥6 ∨ 𝑥7; 

𝑓7
3 = 𝑥6𝑥7 ∨ 𝑥8𝑥9; 

𝑓8
3 = 𝑥8 ∨ 𝑥9. 

Step 5. Let us supplement the models to have the 
same number of edges. To do this, we will add one 

additional edge function 𝑓8
1 = 1 to model K1(3, 9), and 

two additional edge functions 𝑓7
2 = 1 and 𝑓8

2 = 1 to 

model K2(4, 9). Now all the models contain exactly 8 

edges (Fig. 2). 
Step 6. Using the expressions of the edge 

functions of the models 𝑓𝑗
𝑖 and the expressions of the 

conditions si we will build the edge functions of the 
GL-model of the system under consideration. This 
model will be based on a cyclic graph with 8 edges and 
the following edge functions: 

𝑓1 = 𝑠1𝑓1
1 ∨ 𝑠2𝑓1

2 ∨ 𝑠3𝑓1
3 =  

     = (𝑥1𝑥2𝑥̅5 ∨ 𝑥5(𝑥̅4 ∨ 𝑥̅7))(𝑥1 ∨ 𝑥2 ∨ 𝑥3) ∨ 

      ∨ 𝑥4𝑥5𝑥7(𝑥1 ∨ 𝑥2 ∨ 𝑥3 ∨ 𝑥4𝑥5) ∨  
      ∨ 𝑥̅5(𝑥̅1 ∨ 𝑥̅2)(𝑥1 ∨ 𝑥2);  
𝑓2 = 𝑠1𝑓2

1 ∨ 𝑠2𝑓2
2 ∨ 𝑠3𝑓2

3 = 

    = (𝑥1𝑥2𝑥̅5 ∨ 𝑥5(𝑥̅4 ∨ 𝑥̅7))((𝑥1 ∨ 𝑥2)(𝑥1𝑥2 ∨ 𝑥3)

∨ 

     ∨ 𝑥4𝑥5) ∨ 𝑥4𝑥5𝑥7 ∧ 

     ∧ ((𝑥1 ∨ 𝑥2)(𝑥1𝑥2 ∨ 𝑥3) ∨ 𝑥4 ∨ 𝑥5) ∨ 

     ∨ 𝑥̅5(𝑥̅1 ∨ 𝑥̅2)(𝑥1𝑥2 ∨ 𝑥3); 
𝑓3 = 𝑠1𝑓3

1 ∨ 𝑠2𝑓3
2 ∨ 𝑠3𝑓3

3 = 

     = (𝑥1𝑥2𝑥̅5 ∨ 𝑥5(𝑥̅4 ∨ 𝑥̅7))(𝑥1𝑥2𝑥3 ∨ 𝑥4 ∨ 𝑥5) ∨ 

      ∨ 𝑥4𝑥5𝑥7((𝑥1 ∨ 𝑥2 ∨ 𝑥3)((𝑥1 ∨ 𝑥2)(𝑥1𝑥2 ∨ 𝑥3) ∨ 

         ∨ 𝑥4𝑥5)(𝑥1𝑥2𝑥3 ∨ 𝑥4 ∨ 𝑥5) ∨ 𝑥6𝑥7𝑥8𝑥9) ∨ 

      ∨ 𝑥̅5(𝑥̅1 ∨ 𝑥̅2)(𝑥1𝑥2𝑥3 ∨ 𝑥4𝑥5); 
 

a                                                          b                                                        c 

Fig. 1. Auxiliary MLE-models: a – K1(3, 9); b – K2(4, 9); c – K3(2, 9) 
Source: compiled by the authors 

a                                                               b                                                             c  

Fig. 2. Auxiliary MLE-models after extension step: a – K1(3, 9); b – K2(4, 9); c – K3(2, 9) 
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Source: compiled by the authors 

𝑓4 = 𝑠1𝑓4
1 ∨ 𝑠2𝑓4

2 ∨ 𝑠3𝑓4
3 = 

     = (𝑥1𝑥2𝑥̅5 ∨ 𝑥5(𝑥̅4 ∨ 𝑥̅7))((𝑥1 ∨ 𝑥2) ∧ 

     ∧ (𝑥1𝑥2 ∨ 𝑥3)(𝑥1𝑥2𝑥3 ∨ 𝑥4𝑥5)(𝑥4 ∨ 𝑥5) ∨ 

     ∨ 𝑥6𝑥7𝑥8𝑥9) ∨ 𝑥4𝑥5𝑥7((𝑥1 ∨ 𝑥2)(𝑥1𝑥2 ∨ 𝑥3) ∧ 
     ∧ (𝑥1𝑥2𝑥3 ∨ 𝑥4𝑥5)(𝑥4 ∨ 𝑥5) ∨ (𝑥6 ∨ 𝑥7) ∧ 

     ∧ (𝑥6𝑥7 ∨ 𝑥8𝑥9)(𝑥8 ∨ 𝑥9)) ∨ 𝑥̅5(𝑥̅1 ∨ 𝑥̅2) ∧ 

     ∧ (𝑥4 ∨ 𝑥5); 
𝑓5 = 𝑠1𝑓5

1 ∨ 𝑠2𝑓5
2 ∨ 𝑠3𝑓5

3 = 

     = (𝑥1𝑥2𝑥̅5 ∨ 𝑥5(𝑥̅4 ∨ 𝑥̅7))(𝑥1𝑥2𝑥3𝑥4𝑥5 ∨ 

     ∨ (𝑥6 ∨ 𝑥7)(𝑥6𝑥7 ∨ 𝑥8𝑥9)(𝑥8 ∨ 𝑥9)) ∨ 

     ∨ 𝑥4𝑥5𝑥7(𝑥1𝑥2𝑥3𝑥4𝑥5 ∨ (𝑥6 ∨ 𝑥7 ∨ 𝑥8𝑥9) ∧ 

     ∧ (𝑥6𝑥7 ∨ 𝑥8 ∨ 𝑥9)) ∨ 𝑥̅5(𝑥̅1 ∨ 𝑥̅2) ∧ 

     ∧ (𝑥1𝑥2𝑥3𝑥4𝑥5 ∨ 𝑥6𝑥7𝑥8𝑥9); 
𝑓6 = 𝑠1𝑓6

1 ∨ 𝑠2𝑓6
2 ∨ 𝑠3𝑓6

3 = 

     = (𝑥1𝑥2𝑥̅5 ∨ 𝑥5(𝑥̅4 ∨ 𝑥̅7))(𝑥6 ∨ 𝑥7 ∨ 𝑥8𝑥9) ∨ 

     ∨ 𝑥4𝑥5𝑥7(𝑥6 ∨ 𝑥7 ∨ 𝑥8 ∨ 𝑥9) ∨ 

     ∨ 𝑥̅5(𝑥̅1 ∨ 𝑥̅2)(𝑥6 ∨ 𝑥7); 
𝑓7 = 𝑠1𝑓7

1 ∨ 𝑠2𝑓7
2 ∨ 𝑠3𝑓7

3 = 

     = (𝑥1𝑥2𝑥̅5 ∨ 𝑥5(𝑥̅4 ∨ 𝑥̅7))(𝑥6𝑥7 ∨ 𝑥8 ∨ 𝑥9) ∨ 

     ∨ 𝑥4𝑥5𝑥7 ∨ 𝑥̅5(𝑥̅1 ∨ 𝑥̅2)(𝑥6𝑥7 ∨ 𝑥8𝑥9); 
𝑓8 = 𝑠1𝑓8

1 ∨ 𝑠2𝑓8
2 ∨ 𝑠3𝑓8

3 = 

     = (𝑥1𝑥2𝑥̅5 ∨ 𝑥5(𝑥̅4 ∨ 𝑥̅7)) ∨ 𝑥4𝑥5𝑥7 ∨ 

     ∨ 𝑥̅5(𝑥̅1 ∨ 𝑥̅2)(𝑥8 ∨ 𝑥9). 
The model is presented in the Fig. 3. 

Fig. 3. Non-basic GL-model built with the  

proposed method 
Source: compiled by the authors 

Note that the obtained expressions of the edge 

function can be simplified. For example, the expression 
of the function f1 after simplification will be as follows: 

𝑓1 = 𝑥1 ∨ 𝑥2 ∨ 𝑥5(𝑥3 ∨ 𝑥4𝑥7). 

According to the experimental results, it has been 
established that such a model shows an operational state 
of the system for all vectors with no more than 2 zeros, 

as well as for the next 71 vectors with 3 zeros: 

111111000, 111110100, 111101100, 111011100, 
110111100, 101111100, 011111100, 111110010, 
111101010, 111011010, 110111010, 101111010, 
011111010, 111100110, 111010110, 110110110, 
101110110, 011110110, 111001110, 110101110, 
110011110, 101011110, 011011110, 100111110, 
010111110, 001111110, 111110001, 111101001, 
111011001, 110111001, 101111001, 011111001, 

111100101, 111010101, 110110101, 101110101, 
011110101, 111001101, 110101101, 110011101, 
101011101, 011011101, 100111101, 010111101, 
001111101, 111100011, 111010011, 110110011, 
101110011, 011110011, 111001011, 110101011, 
110011011, 101011011, 011011011, 100111011, 
010111011, 001111011, 111000111, 110100111, 

110010111, 101010111, 011010111, 100110111, 
010110111, 001110111, 110001111, 100011111, 
010011111, 001011111, 000111111; and also on 
the following 15 vectors with 4 zeros: 110110100, 
101110100, 011110100, 100111100, 010111100, 
001111100, 100110110, 010110110, 001110110, 
000111110, 100110101, 010110101, 001110101, 

000111101,     000110111.  
Note that the above set of vectors with 3 zeros 

include all possible vectors of length 9 with 3 zeros, in 
which the 1st and 2nd elements have a value equal to 1 
(which corresponds to situations where the 1st and 2nd 
processors are operational), namely the following  

𝐶9−2
3 = 35 vectors:  111111000, 111110100, 

111101100, 111011100, 110111100, 111110010, 
111101010, 111011010, 110111010, 111100110, 
111010110, 110110110, 111001110, 110101110, 
110011110, 111110001, 111101001, 111011001, 
110111001, 111100101, 111010101, 110110101, 
111001101, 110101101, 110011101, 111100011, 

111010011, 110110011, 111001011, 110101011, 
110011011, 111000111, 110100111, 110010111, 
110001111; as well as all possible vectors of length 9 
with 3 zeros, in which the 5th element has a value of 1 
(which corresponds to the functionality of the 5th 

processor), namely the following 𝐶9−1
3 = 56 vectors: 

111111000, 111110100, 111011100, 110111100, 
101111100, 011111100, 111110010, 111011010, 
110111010, 101111010, 011111010, 111010110, 
110110110, 101110110, 011110110, 110011110, 
101011110, 011011110, 100111110, 010111110, 
001111110, 111110001, 111011001, 110111001, 

101111001, 011111001, 111010101, 110110101, 
101110101, 011110101, 110011101, 101011101, 
011011101, 100111101, 010111101, 001111101, 
111010011, 110110011, 101110011, 011110011, 
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110011011, 101011011, 011011011, 100111011, 
010111011, 001111011, 110010111, 101010111, 
011010111, 100110111, 010110111, 001110111, 

100011111, 010011111, 001011111, 000111111. 
These vectors correspond exactly to situations when the 
1st and 2nd or the 5th processors are operational at the 
same time, making the system 3-failure tolerant 
according to the condition. It can be seen that among 
these vectors, there are those that are contained in both 
sets. These are the vectors in which both the 1st, 2nd 

and the 5th elements have a value of 1 (i.e., both parts 
of the condition are simultaneously satisfied: both the 
1st and 2nd processors, and the 5th processor are 
functional), namely the following  

𝐶9−2−1
3 = 20 vectors: 111111000, 111110100, 

111011100, 110111100, 111110010, 111011010, 
110111010, 111010110, 110110110, 110011110, 
111110001, 111011001, 110111001, 111010101, 
110110101, 110011101, 111010011, 110110011, 
110011011,   110010111. Therefore, the total number 
of vectors with 3 zeros, on which the model 
demonstrates the system’s operable state is indeed 
35 + 56 – 20 = 71. 

It should be noted that this set would also include 
those vectors for which the condition is met, that the 
system is resistant to failures of a higher-order. For this 
system, such a condition is the functionality of the 4th, 
5th, and 7th processors simultaneously, under which the 
system is 4-fault tolerant. This condition is met by all 
possible vectors of length of 9 with 3 zeros, in which 

the 4th, 5th, and 7th elements have a value of 1, namely 

the following 𝐶9−3
3 = 20 vectors: 111110100, 

110111100, 101111100, 011111100, 110110110, 
101110110, 011110110, 100111110, 010111110, 
001111110, 110110101, 101110101, 011110101, 

100111101, 010111101, 001111101, 100110111, 
010110111,     001110111,    000111111.  

However, obviously, all of these vectors are 
included in the previously mentioned set of vectors with 
the 5th element equal to 1. 

As for the set of vectors with 4 zeros, there are 
indeed all the vectors of length 9 with 4 zeros, in 
which the 4th, 5th, and 7th elements have the value 

1, which corresponds to the condition where the 
system is 4-fault-tolerant, namely, the simultaneous 
operability of the 4th, 5th, and 7th processors. The 

number of such vectors is indeed 𝐶9−3
4 = 15. 

So, as we can see, the built GL-model adequately 
reflects the behavior in the failure flow of the 
considered system for which it was built. 

CONCLUSIONS 

This article solves the problem of building GL-
models of behavior in the failure flow of non-basic 
fault-tolerant multiprocessor systems. These include, 
in particular, fault-tolerant aircraft control systems, 

which sometimes involve hundreds of processors. 
Depending on certain conditions, such a system is 
assumed to be resistant to failures of various 
multiplicity. These conditions always depend only 
on the states of the system's processors. 

The proposed method of building GL-models is 
reduced to combining the expressions of edge 
functions of special auxiliary basic models and 

logical expressions correspond to the 
aforementioned conditions. The resulting GL-
models are based on cyclic graphs, which simplifies 
the analysis of model during experimentation. In 
addition, this allows for the additional use of other 
methods of model modification, if necessary. 

Since the auxiliary models can have a different 

number of edges in a graph, they can be 
supplemented with additional edges to equalize the 
number of the latter. It has been shown that the 
addition of such edges with edge functions of a 
special form does not change the behavior of the 
model. 

To apply the proposed method, exactly one of 

the conditions that define each of the fault-tolerance 
levels of the system must always be met. If this is 
not the case, then an additional procedure of 
orthogonalization of the condition expressions can 
be performed to make them so. 

Numerous experiments have been conducted, to 
confirm the adequacy of the models to the behavior 
of the respective systems in the failure flow (the 

experiments involved comparing the behavior of the 
models with the expected behavior in the failure 
flow of the systems for which they were built, using 
either the sets of all possible system state vectors or 
their random subsets). An example is given to 
demonstrate the application of the proposed method. 
It is shown that the obtained GL-model fully 

corresponds to the behavior of the system for which 
it was built. 

Further work can be devoted to the study of the 
possibilities of further modification of the obtained 
models when analyzing the occurrence of dangerous 
states during the operation of the FTMS. 
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АНОТАЦІЯ 

Робота присвячена проблемі побудови GL-моделей поведінки в потоці відмов небазових відмовостійких 
багатопроцесорних систем. Такі моделі можуть використовуватися для розрахунку параметрів надійності останніх. Система 

в залежності від виконання певних умов є стійкою до відмов різної кратності. Ці умови залежать лише від станів процесорів 

системи та можуть бути представлені спеціальними булевими виразами. Запропоновано спосіб побудови GL-моделей таких 

систем, який базується на комбінуванні виразів реберних функцій допоміжних базових моделей. При цьому, особливістю 
побудованих запропонованим способом моделей є те, що вони базуються на циклічних графах. Це спрощує процес оцінки їх 

зв’язності, а також спрощує аналіз роботи моделі. Крім того, це дозволяє за необхідності додатково використовувати інші 

методи модифікації GL-моделей. Спосіб передбачає використання допоміжних моделей, що мають однакову кількість 

ребер. З метою вирівнювання кількості ребер допоміжні моделі можуть бути доповнені додатковими ребрами із реберними 
функціями спеціального вигляду. Показано, що таке доповнення не змінює поведінки моделей. Окрім того, описано 

процедуру ортогоналізації виразів умов, що має проводитися, якщо умови можуть виконуватися одночасно. Показано, що 

вирази реберних функцій отриманих GL-моделей, котрі можуть бути досить складними, іноді можна суттєво спростити. 

Проведені численні експерименти, що підтверджують адекватність моделей (побудованих запропонованим способом) 
поведінці відповідних систем в потоці відмов. Наведено приклад, що демонструє застосування запропонованого способу. 

Проведено аналіз отриманої моделі та показано, що вона відповідає поведінці системи, для якої її було побудовано. 
Ключові слова: відмовостійкі багатопроцесорні системи; оцінка надійності; GL-моделі; системи k-з-n 
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